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ADVERTISEMENT. 



The following compendium is designed to 
embrace, in a short compass, demonstrations of the 
chief mathematical propositions of Plane Astronomy, 
and is principally intended for those readers who may 
not have the inclination or opportunity to study the 
science with reference to its practical application. 
In pursuance of this design, all allusion to the business 
of an observatory, to the history of the science, and 
to the brilliant speculations of modem Astronomers 
have been avoided. As this mode of treating the 
subject must deprive it of much that is interesting 
and also, if it be considered independent of the 
general end of mathematical studies, of much that is 
useful, it is probable that few students will be con- 
tented with the slight portion of astronomical know- 
ledge contained in this work. To those who would 
know more than the mere theory of Astronomy, the 
valuable treatise of Professor Woodhouse is indis- 
pensible. Much assistance may also be obtained from 
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the works of Biot, Delambre and Littrow, from which, 
(especially the latter), the Author has derived very 
considerable assistance. 

The Author begs leave to express his grateful 
acknowledgments to the Syndics of the University 
Press, for their liberal contribution to the expence of 
publishing this book. 



St. John's College, 
Oct. 26, 1826. 
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PLANE ASTRONOMY. 



CHAP. I. 

INTRODUCTION. 

1. Astronomy is that branch of Natural Philosophy, 
which treats of the real and apparent motions of the heavenly 
bodies. In Plane Astronomy, both of these are investigated 
from observation and calculation^ and in Physical Astronomy, 
the former are accounted for on mechanical principles. 

The starry heavens appear^ to a spectator on the Earth's 
surface, to be a vast spherical vanity of which his eye forms 
the center^ and in which the heavenly bodies are situated. It is 
certain that this appearance is fallacious, and that the stars are 
not all at the same distance from us, but that the eye, being 
unable to judge of the distance of very remote bodies, and having 
no scale to compare it with, supposes them all equally distant. 

2. Some of these bodies seem never to change their re- 
lative situation, whence they have been called Fixed Siars; 
the angle which any two of them subtend, is the same in all 
parts of the Earth, from which it is evident, that the distance 
of any two points on the Earth's surface is evanescent, 
compared with the distance of the fixed stars from the Earth ; 
therefore, instead of supposing the center of the superficies in 
which they appear to lie, to be the eye of the spectator, we may 
suppos'e it to be the center of the Earth. 

3. If the plumb-line be produced indefinitely both way§i, 
it meets the celestial sphere in two points, of which, th^t 
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above our heads is called tbe Zenith, and the opposite one the 
Nadir, A plane perpendicular to this line at tlie surface of the 
Earth, is called the Sensibie Horizon, and determines the visible 
portion of the heavens ; a plane parallel to the former, drawn 
through the Earth's center, is called the Rational Horizon; as 
the radius of the Earth subtends no perceptible angle at the 
distance of the stars, the circles in which the celestial vault is 
cut by these planes, may be supposed to coincide, and any 
errors, introduced by this supposition, with respect to bodies 
at which the Earth's radius subtends a finite angle, may be 
afterwards taken into account and corrected. 

4. If the heavenly bodies are attentively observed, they ap- 
pear to describe circles, in planes parallel to each other, about 
a common axis, which meets the heavens in two points called 
the North and South Poles. To an inhabitant of the northern 
hemisphere, the stars situated near the north pole, which are 
called Circtimpolar Stars, never set, but continue visible during 
the whole of their circular course, others more to the south, 
ascend from the east side of the horizon, and after having 
attained their greatest height, which is called Cutminaiing, 
descend, and disappear in the west, completing only part of a 
circle above the horizon. To an inhabitant of the southern 
hemisphere, the heavens present a spectacle the reverse of thisj 
the stars near the soutli pole are seen to describe complete 
circles, whilst those more to the north, are only seen in part of 
their course^ or if near the north pole, never rise above the 
horizon. 

5. The parallel circular motion of the heavens may be 
observed by an instrument, such as is represented in fig. 1, 
consisting of a circle RQT moveable round an axis NS, which 
coincides with one of its diameters. To the plane of the circle 
is attached a telescope TQ, moveable round C in the plane liQT. 
If the axis NS be fixed in a proper position, which may be 
done in a few trials, and the telescope be pointed towards a 
fixed star, it will be found, that the star may be seen through 
the telescope, as long as it continues above the horizon, by 
making the circle revolve, without disturbing the place of the 



telescope in the plane RQT; therefore as the telescope de- 
scribes a conical surface round NS^ the curve in which it cuts 
the celestial sphere whose center is C, or the path which the 
star S describes, is a circle. Any other star may be ob-^ 
served in its course, by changing the position of the telescope^ 
without altering, the position of NS ; therefore all the stars 
describe circles in planes perpendicular to NS, and having 
their centers situated in that line. 

The angular motion round NS is uniform^ and is the same 
for all stars; for if the telescope be .made to point to a star on 
one day, and be left in that position, it will point to the same, 
star on the next day, after a certain interval, which is the same 
whatever star is chosen, and at whatever time the first ob-* 
servation is made. 

6. The great circle of the celestial sphere, whose plane is 
parallel to the planes in which the stars move, or perpendicular 
to the axb passing through the north and south poles, is called 
the Equinoctial or Equator. 

Declination circles are great circles whose planes pass through 
the north and south poles; tKey are perpendicular to the equator 
and are sometimes called Meridians. The declination of a star 
is its angular distance from the equator, measured on the arc 
of a declination circle, intercepted between the star and the 
equator. The polar distance is the angular distance from the 
pole^ or the complement of the declination. 

The Meridian of a place on the Earth's surface is the de- 
clination circle passing through the zenith of the place; it is 
perpendicular to the horizon^ which it intersects in a line called 
a Meridian Line. 

The angle between the merictian of a place and a declination 
circle passing through a star, is called the star s Hour Angle, 
because the stars revolving uniformly round the Earth's axis, the 
angle between these circles varies as the time of a star's moving 
from one to the other. 



* 7* '^he stars appear to revolve round the Earth's axis, or to 
describe an angle of 360°^ in an interval of 2,3^. 36', which is 
divided into 24 equal parts, called Sidereal Hours, and therefore 
move over 15*^ in one sidereal hour. 

8. Vertical Circles are circles whose planes pass through the 
zenith and nadir; of these the Prime Vertical is perpendicular 
to the meridian, and cuts the horizon in the east and west 
points. 

Since the equator and prime vertical are each perpendicular 
to the meridian, their intersection is perpendicular to that plane^ 
and the same is true of the intersection of the prime vertical 
and horizon ; hence, these three planes intersect in the same 
line. 

The Altitude and Zenith Distatice of a star are the respective 
distances from the horizon and zenith measured on the arc of 
a vertical circle. Hence the altitude together with the zenith 
distance of a star = 90^ 

The Azimuth of a star, is the angle between a vertical circle 
passing through it, and the meridian of the place. 

The section of the Earth's mean surface, made by the plane 
of the meridian, is called the Terrestrial Meridian, and that 
made b^ the plane of the equator, is called the Terrestrial 
Equator. 

9* The Latitude of a place on the Earth's surface is the 
angular distance of its zenith from the equator^ measured by the 
intercepted arc of the meridian ; the complement of this, or the 
distance from the pole is the Co- Latitude. 

Since the latitude + the zenith distance of the pole = 90^ = the 
altitude of the pole + the zenith distance of the pole ; therefore 
the latitude of any place is equal to the altitude of the pole at 
that place. 

10. Besides the Diurnal Motion, already spoken of, common 



to all the heavenly bodien^ some of them have proper motions^ 
and are seen to change their place with respect to the fixed 
stars. The most remarkable bodies which have proper motions 
are the Sun and * Moon ; the former of these moves in a great 
circle called the Eclipticj and after having passed round the 
heavens, returns to the same position at the end of a year. The 
inclination of the ecliptic and equator is the Obliquity , and the 
line of intersection meets the celestial sphere in two points 
called the Vernal and Autumnal Equinoxes. The ecliptic is 
divided into twelve equal parts or Signs, each consisting of 
30*^, and denoted thus ; Aries ( T ), Taurus ( y ), Gemini ( n ), 
Cancer (©), Leo ( St ), Virgo ( iijt ), Libra (^), Scorpio ( Hi), 
Sagittarius { t )> Capricornius (yj* ), Aquarius (-oj? ), Pisces ( K ). 
The Jirst point of Aries is the vernal equinox, where the Sun 
appears in northern latitudes at the beginning of spring, or when 
it passes from the south to the north side of the equator. 

11. The Planets^ which are distinguished from the fixed 
stars by their apparent magnitudes^ have also proper motions, 
and move round the Sun in different periods, in orbits nearly 
circular. • 

The planets were supposed to be confined to a space of 8 
on each -side of the ecliptic, which was called the Zodiac^ and 
on this account the divisions of the ecliptic were called Signs 
of the Zodiac. 

Cofnets Vite bodies which move round the Sun in very eccen- 
tric orbits, when first seen^ the body of the comet, called the. 
Nucleus^ is generally followed by a train of faint light called 
the Tail, which becomes brighter as the comet approaches the 
Sun. After that time^ the comet diminishes in brilliancy, and 
by its very rapid motion, is soon carried into the distant regions 
of space, and becomes invisible to the Earth. 

12. The Solstitial Colure is a great circle passing through 
the poles of the equator and ecliptic, and intersecting the 
ecliptic in two points called the Solsticesm Since this circle 
passes through the poles of the equator and ecliptic, it is per- 



pendicuUr to each of them, and, therefore, to the line of 
their inters eel ion, and therefore, cuts them at 90° from the 
equinoxes. The solstice which lies north of the equator, and 
ill which the Sun appears at Midsummer, is called the Summer 
Solstice: the other, in which the Sun is at the beginning of 
Winter, is called the Winter Solstice. The Equinoctial Co- 
Ivre is a declination circle passing through the equinoxes. 

The Latitude of a Star is its angular distance from the 
ecliptic. The Longitude, is its distance from the first point of 
Aries, measured along the ecliptic, and the Right Ascension the 
distance from the same point, measured along the equator ; the 
Star being referred to those planes by Secondaries to the 
ecliptic and equator, that is, by circles passing through the 
respective poles of those circles. 

The angle contained between the circles of declination and 
latitude, passing through a Star, is called its Atigle of Position. 

The place of a body in the celestial hemisphere is deter- 
mined by its latitude and longitude, or by its right ascension 
and declination, just as the position of a point in a plane is de- 
termined by its two co-ordinales. Latitude and declination are 
measured north and south through QO ; right ascension and 
longitude from west to east, or in a direction opposite to 
that in which the stars appear to move, through SSO". 

The Terrestrial Longitude of a place on the Earth's surface 
is the angle between the meridian of the place and another 
called a First Mendian, passing through a given place ; it is 
measured east and west from the first meridian, along the equa- 
tor through 180". The latitude and longitude of a place, on 
the Earth's surface, must be carefully distinguished from the 
latitude and longitude of a star. 

The stars are divided into groups called Constellations^ and 
are distinguished by the Greek letters a, /3, y, 6tc. in the order 
of the star's apparent magnitude; thus "y Draconis is a star of the 
third magnitude in the constellation Draco, By magnitude here 



is meant brilliancy^ for the stars observed with telescopes of th« 
strongest magnifying powers have no apparent diameters^ the 
different magnitudes which they appear to have to the naked 
eye, or in inferior telescopes^ being an optical illusion^ caused 
by the radiation of light. 

13. The preceding definitions may be readily understood, 
by observing the circles on a common celestial globe. They 
are drawn in fig. 2, which represents the western hemisphere, 
Z is the zenith, or pole of the horizon HR, P the pole of the 
equator TQ, K of the ecliptic C^k, U, W, R, are the North, 
West, and South points of the horizon respectively. HZR the 
meridian, and ZQ or PH the latitude of a place, the zenith 
of which' is Z, Through a star S, draw the circles ZSz, PSp, 
KSk; then ZS is the zenith distance of S, zS the altitude, 
PZS or Hz the north azimuth, ZPS or Qp the hour angle, 
PS the polar distance, pS the declination, Sk the latitude, 
^C k the lofigitude, y p the right ascension, and KSP the 
angle of position; k^p is the obliquity. The relation between 
these quantities is calculated by Spherical Trigonometry. 

14; Altitudes^ zenith distanqes^ and the angular distance be- 
tween two bodies^ or two parts of the ^me body^ can be observed 
with proper instruments. In an Observatory the best graduated 
instruments are fixed in the plane of the meridian, and the 
altitudes observed with them are meridian altitudes^ which are 
those used in the most important calculatiops. Azimuths can 
also be observed, but not with the same accuracy as altitudes, 
and are, therefore, not often resorted to. The difference of 
right ascensions of two fixed stars, may also be considered a 
result of observation, for, if the times of their transit over the 
meridian be observed by the sidereal clock, 1^ : the observed 
interval :: 15^ ; difference of right ascension *• 

15. It has been said that the stars appear to describe 
parallel circles round the axis of the equator in 23^.56', but 

" I ■■■ ■ ■ ■ ■ I ■■■■!■ , ^ 

* See Brinkley's AHnmomy, Chap. XI, Woodhouse's Astronomy^ 
Chap. V. 
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it is evident that the same effect will he produced if the stars re- 
main at rest, and the Earth revolve uniformly round the same 
axis, in the same time, but in ibe opposite direction. For the 
spectator, not being aware of his own motion, would refer 
the whole change of relative position to the stars which would 
appear to describe parallel circles in a direction opposite to his 
own motion. That the Earth really revolves is rendered pro- 
bable ; 1 St, by Its greater simphcity, when we consider the 
immense distance of the stars, and the enormous rapidity with 
which they must revolve, in order to move round the Earth in 
23'',56'; 2d, from the analogy of the Sun and planets, which, 

luch larger than the Earth, are found 
; 3d, from the Earth's being not exactly 

I QS it would be, supposing it to have 
to have revolved ruund au axis; and 
1 the diminution of gravity In proceeding towards the equator 
beiug such as would arise from the centrifugal force of the Earth's 
rotaiiou. It has been tiii:d to determine ihe question experi- 
mentally, from consideriiig thai if the Earth revolve round an 
axis, a stone let fall from the top of a tower, ought not to 
full exactly at the foot, but a llltle to the east of it ; for the 
stone, at the momeut of falliug, bus the borlzuntal velocity of 
the top of the tower, aud, as this is greater than that of the 
places it successively arrives at, it ought to have a relative 
easterly motion from the lower, and oughl, therefore, to fall 
east of the foot of llie tower. The experiments have not been 
very decisive, on account of the difficulty of measuring ac- 
curately the small defection from the vertical, but they seem 
to favor the hypothesis of the Earth's rotation. 

16, The same difficulty of distinguishing between real and 
apparent motion occurs with regard to the Sun. The interval 
between the setting of the Sun and u star which sets after it 
diminishes each day, till the star is obscured by the Sun's light; 
a few days afterwards, the star rises a little before the Sun, and 
the interval goes on increasing, whence the Sun seems to move 
through the heavens in a direction opposite to the apparent 
diurnal motion, or from west to east; but the Sun would 
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appear to move in the same way if it remained at rest, and the 
Earth moved round it in the same direction and period. For, 
let S (fig. 3.) be the Sun, E, If the earth, in any two points 
of its orbit round S ; through If draw Ifs parallel and equal 
to ES. Then, when , the Earth was. at JE, the Sun appeared 
among the fixed stars in ES produced, or on account of their 
immense distance in Ifs produced, and when the Earth is at If, 
the Sun is seen in the direction IfS, therefore, it has appeared 
to describe the angle SE's round the Earth, = ESE\ the angle 
described by the Earth round the Sun. The Sun's path on the 
surface of the sphere is circular, and depends only on the plane 
in which it moves, but since when the Earth was at £, the 
distance of the Sun was ES=iIfs, and that the angle JE)5£^=: 
SE'Sf therefore, the Sun must appear to describe the same 
curve round the Earth which the Earth describes round the 
Sun. 

17* There is reason to suppose that the Earth really moves 
round the Sun. For^ from the distance of the Earth from the 
Sun, and the period of the Sun's apparent motion round the 
Earth, compared with that of the planets, which we know re- 
volve round the Sun, it seems probable that the Efuth is a 
planet, and is subject to the same laws of motion as the others. 
The aberration of light also, and the stationary points of the 
superior planets, which will be treated of hereafter^ can be 
simply explained on the hypothesis of the Earth's motion round 
the Sun, and have, not been accounted for on the contrary 
supposition. We conclude, therefore, that the Earth revolves 
round its axis in a day^ and round the Sun in a year, but as the 
general phenomena would be the same on the contrary hy- 
pothesis, we may, in explaining them, make use of that sup- 
position, which is most convenient. 



B 



CHAP. 11. 



QN th;b figure qv the earth. 

18. By the Figure of the Earth, Is not meant the Earth 
vt^ith all its inequalities^ but an imaginary figure^ such as would 
be found by reducing hills and valleys to the same levels or such 
a figure as the surface of the sea presents us. The Earth, at 
first sight, appears to one of its inhabitants, to be a vast plane 
extended infinitely on all sides, but the following considerations, 
from which its round figure may be inferred^ are so obvious^ 
that this inference must have been made very early. When a ship 
approaches land, the topmast first becomes visible to a spectator 
on the stiorC;) and the hull comes in sight last, which being the 
largest partj ought to be first seen^ if the Earth were a plane. 
In advancing towards the north, the pole star seems to ap* 
proach the zenith^ whilst the contrary effect takes place in 
moving towards the South. In lunar eclipses, when the Earth 
is interposed between the Sun and Moon, the Earth's shadow 
upon the Moon's disk appears round in all positions of the 
Earth, and, lastly^ the Earth has been jailed round in various 
directions. 

19. The simplest of round figures is a sphere, and the 
Earth was supposed to be such, after its roundness had been 
determined by observations similar to the above^ but the analogy 
of some of the planets which seem to be considerably depressed 
at their poles^ together with considerations on the form which 
a revolving fluid would put on, lead to the conclusion that the 
Earth is more nearly an oblate spheroid^ having its axis of revo- 
lution perpendicular to the equator. It is possible to put these 
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bypcAhestB to tbe test of exparioaeof^ by measuring arcs of the 
meridMn in different latitndes, and, as the knowledge of the 
true figure of tbe Earth is of much importance^ this has been 
undertaken in various parts of the globe, and large arcs have 
been measured with great accuracy in England, France, Lapland, 
Sweden and India. The whole distance between the extremities 
of the arc of the meridian to be determined, is not actually 
measured, whreh would in all cases be laborious, and in most, 
impossible. A base of four or five miles is first measured, 
with the utmost care, which is connected with the two extreittitieli 
of the arc of the meridian by means of triangles, and the angles 
of these triangles being observed, and the sides calculated by 
Trigonometry, the length of the arc of the meridian may be 
ascertained. These operations are of considerable difficulty, 
and have been carried on by the ablest modem astronomers, 
fumisbed with tbe best instruments, and to their works* the 
reader is referred for infbrmation on this subject, we shall only 
shew here, how the degrees of the meridian, when measured, 
may be used in ascertaining the figure of the Earth. 

20. The difference of the meridmn zenith distances of the 
same star is equal to the difference of latitude of the places 
of observation. 

Ijetpe (fig. 4.) be a terrestrial meridian; Ce, Cp, the equa- 
toreal and polar radii, ZAG, ZA'G\ normals at the points 
AA', meeting in 0; therefore, AGE (I) and J'G'e (/') are 
the latitudes of A and A\ Let ZAS (z) and Z'A'S (z) be 
the zenith distance of the same sfsir ; therefore, on account of 
the great distance of the fixed stars, AS is parallel to A'S ; 

/. /^Z'A'S'^Z'^A'OA 

= z + (r-/); 
.-. z'^z^l'-l or A'OJ. 



* Philosophical Tramactums for 1787, 1790, 1803, 1818. De- 
lambre. Base du Sysfime Metrique, 
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21 J CoB.:i. Hence^ by ofoserving at what places^ on the 
same meridian^ the difference of the meridian :zenith distances of 
a star is one degree/ and measuring the arc between themj the 
length of an arc of one degree is determined. 

22. GoR. 2. If the terrestrial meridian were circular^ 
would coincide with Cy and the angle of one degree would 
always be subtended by the same arc^ but the length of a degree 
is found to increase as we advance from the equator towards 
the pole, .which shews that the curvature diminishes from the 
equator to the pole. 

23. To find the radius of curvature at any point of the 
terrestrial meridian, supposing the Earth to be an oblate spheroid. 

Let pe (fig. 5.) be the elliptic meridian ; Ce (a) the equa- 
toreal/ Cp (fi) the polar radius; PG (n) a normal to any point 
P, meeting the semi-conjugate in F, and Cp in 12. Let 
CNssx, PN=^y, PGN=ly the eccentricity=e, and the dif- 
ference U'-'b^c, 

Then n*^PN^-\^GN^ 

2 1 ^* 2 

=y^+ -i.x 
a 









n Bin I, e*+ -r; 

a 

b* 1 



a*"l-e»8m''; 



« i» 



1-e' 



(1 — c sm /)* 
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But the radius of curvature (r) = 



a*b* 
PF' 

a'b\rt' 



t s 
an 

l4 » 



t z6 



a' h 



1 



'*■ """i* V(l-e'8in* 



W 



a.(l-e*8m*/)* 



= a.(l-c»).(l-e»8in»/)-« 
= a . (1 r- e*)/l + - e' sin* /) , 



neglecting e*, &c. 





= 


a. A- 


-e* + 


2 


sin*/^ . 




But 


c* = 




a'- 


-a- 


a 


nearly i 



rtjj-i ., a.(l— e) 

24. Cor. ^ = ;i sm / = ^ . sin /, 

A^l — e sin / 
^ An ^^ 1 

jr= 75 . -A Or = -— . ?l COS / 

a cos / 



Vl-^*«n*/' 



CP'=?x*+y = a' 



1— e .sm /+C08 / 



l-e'sin*/ 
= o* {(1 -2 c* sin* • (I + c* sin* /) nearly 
= a*(l-c*sin*/); 
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=ia ^ c sin /. 



25. Since a spheroid is a solid of revolution^ the normal to 
the surface at any point will pass through the axis ; if, therefore, 
PJR . QR, (fig. 5.) be two consecutive normals to the very small 
arc PQi which is perpendicular to the meridian, they will cut 
the axis in the same point JB ; /. PR (R) is the radius of cur- 
vature of PQ. 

And JJ = PG.r;^ = W.75 

PN b^ 

a 



v/l-^'siii"/ 
= £i(l+|-e*sin*Z) 
= a + c sin^ /. 

CoR. Since 2c sin^Z is less than *2c; therefore a'^9,C'\'Sc 
sin*/ is less than a+csin^/; and, therefore, the curvature of 
the terrestrial meridian^ is greater than that of the perpendicular 
arc. 

26. Since the parts of the Earth's surface on each side 
of the meridian are similar, upon the hypothesis of the Earth's 
being a solid revolution ; therefore of all sections of the surface, 
made by planes passing through the normal, the meridian must 
be the section of greatest curvature, and if p be the radius of 
curvature of a section made by a plane passing through the normal 
inclined at an angle a to the meridian, 

fir 



■ h 11 



R cos* a -\r r sin* a 



♦ To deduce this expression for the radius of curvature of a curve on a 
surface, passing through a given point, take the tangent plane at the 
point for the plane of xy^ and the normal for the axis of z, and let the 

plane 
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=s a + c sia* /—2c cos^ a • cos^ /, 
substituting the values of R and r, and reducing. 

plane passing through the normal and curve be inclined at an angle a 

to the plane of xz. Then, because the radius of a circle = -* . ; 

2 versin 

therefore the radius of the circle which coincides with the curve at the 
origin (p) = - . — ^^^ ~ , when a, y, z vanish, 

/i Z 

To find the value of this fraction, let y\ z\ z denote the differential 
coefficients taken with regard to Xy and z,y z,^ with regard to y, and 
observe that ^ is a function of x given by the equation y = ,r tan a. 

'^ 2 2 

_ ^ +yy 

— "T~i > 



2"+22,y+2,y«+2y' 

l + tan«a 



z^'+22^ tan a+2^, tan* a 
But because r is the minimum radius of curvature of all curves passing 

through the given point, a=0 ought to satisfy the equation -r^ = 0. 

da 

Or 0=tan o.(2"+2z/ tan a+z^, tan* a)— (l+tan» a) . (2/+Z,, tan a). 

Or 2/ tan« a+(2"-2,,) . tan a-2/=0; 

••. 2/ must equal 0. 

_ 1 +tan* a 
" ^ "" 2^+2,, tan»a' 

,*. r = — , making a=0, 
jR = — , making a=90*; 



jR cos*.o-f-r sin* a' 
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27. Having given D and IV, the lengths of two degrees of 
the meridian whose middle points are in latitudes / and t, to find 

a. c. and - • 
a 

If m (=57**. 295), be the number of degrees in an arc=radius, 

t?iD = a — 2c + 3c sin* I, 
miy^a'^Qc + 3c sin*/'; 

/. w.(D-D') = 3c-(8in^Z-sin'Z0; 

m.{D-iy) miP—iy) 

•'• "^ "" 3 (sin* Z- sin* f)^ 3. sin (Z+D . sin (Z- T) 

and, substituting this value in the first equation^ 

_ 2 (D-D') 4-3 (D' sin^ Z- jD sin^ f) 
^"" ^* 3sin(/+r).sin(/~0 ' 

therefore, by division, 

c D-D' 



a Q{D'']y) + 3{D' sin' /- D sin* 

D-D' 

" 3(D'sinW-DsinV)' 

neglecting the square of D-^-D'. 

c 

The quantity - is called the compression. 

28. Cor. 1., If E be the degree at the equator^ P at the 
pole, and M at the mean latitude 45^, 

mE=^a'^2c, 
mP=sa + c, 
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29- CoR« 2. The excess of a degree in any latitude above 
that at the equator^ 

or JD — £ oc sin* /. 

SO. Given D^ the length of a degree of the meridian, and 
A the length of a degree perpendicular to the meridian ; to find 

a and c. 

wA = a + c sin* /, 

wiJD = cr — 2c + 3c sin* /; 
.•. m (A— D) = 2c cos* /, 



/. c = 



m. A— D 



2 cos* / ' 
a = w,{A-|.(A-JD).tan*/}; 
c , A — D 



a ^ ' A . cos* / ' 
neglecting the square of A — D. 

In the same manner^ the compression of the terrestrial sphe* 
roid may be found, by measuring degrees on arcs inclined at any 
given angles to the meridian, by means of the formula 

p = a -h c sin* ? — 2 c cos* a . cos* /. 

31. From any two measured arcs of the meridian, to deter- 
mine a and c. 

Let Pc = 5, and m, r, I as before^ 

Then mds = rdl 

s= (a -.2c + 3c sin* l).dl 

1 3 
= (a — c^" c cos 2/) dt; 

^22 

/. ms = a/— :|-c/ ^ ^.c sin 2/ + corr. 
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Let S be the whole arc taken between the values of /, / and /'; 
.\mS = a.{t--D'-^c.{l! -D -|:.c(8m2/'- sin 2/) 
^pa + qc, 
where p^t -- l^ 
and ? = — ^ . (^ — /) — f . (sin £/' — sin 2 1). 

Similarly for another arc S^y 
mS' = p'a + q'ci 

pq -qp 

p'S-pS^ 

C==fW . — 7 ; — • 

pq-qp 

32. The approximate values of a, b and c^ have been de- 
duced in the preceding articles^ because they are more simple 
than the exact values^ and because, from the nearly spherical 
figure of the Earthy the errors thus introduced may be safely 
neglected. The exact values may, however^ be obtained 
with nearly equal facility^ and from these, although not so 
easily^ the approximate values, which are better adapted for 
numerical calculation^ may be deduced by neglecting powers of 
e above the second, or powers of Z) — 2/ above the first. The 
exact values are as follows : 



ah 



% 



(o* COS* / +,6' sin* /)« ' 
(a'co8'/+6»8in*0*' 



. wDD*. 8Jn» (/+/') . 8in»(/- 

a= — "t r 



h- 



(ly^ . cos* t-D^.coa*l). (D' sin* /- D*^ . sin Y)» 
{D^ sin- 1 - U^ sin* (Zy^ cos* t - D' cos* 0» 
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* 


D^- 


S 




c — 


D^fsin*/- 


. Lf' sin' 


Y 


/y ■-• 


mAi coal 




u — 


j^A-D 


Sin / 




*= 


«iDi.A* 


cos*/ 




A-Dsin*/ ' 




<•*— 


A-D 


/• 




c — 


A-Dsin" 





33. In applying the above formulae to the determination of 
the compression, from the length of two degrees of the meri- 
dian in different latitudes^ those arcs ought to be chosen, which 
differ most from each other in situation, as being more likely 
to cause a compensation of errors* For although the general 
figure of the meridian, from the pole to the equator may be an 
ellipse, yet particular parts may differ considerably from it. 
The pairs of degrees best adapted for this purpose are, those in 
France and Peru, France and Bengal, France and Lapland, 
Lapland and Bengal; which give the respective compressions 

-, , , • These coincide sufficiently 

310.6' 311.3* 315.2' 312.9 

with each other to prove the truth of the hypothesis of the 
Earth's spheroidal figure, and the compression may be con- 
sidered equal to the mean of these . With this compres- 

^ 312.5 ^ 

sion. 

Miles. 

a = 3962.349, 
b = 3949.669, 
c = 12.680. 

The latitude of the extremities of an arc of the meridian 
cannot be depended on to more than l", and the deviation of 
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the plumb-line, caused by the attraction of mountains, may 
sometimes cause greater errors. From this cause, or from real 
inequalities, the meridian in some places differs considerably 
from the meridian determined above. The compression cal- 
culated from the arc passing through France is as great as 

; and the degree at the Cape of Good Hope, measured by 

% lo 

Lacaille in south latitude 37^ is greater than that in Pensyl- 
vania in north latitude 43^ vvhich, if there is no error in the 
measurement^ would shew that the southern and northern 
hemispheres are unequal. 

34. The definition of the terrestrial meridian, given in the 
preceding chapter, is not quite correct, for unless the Earth 
be a solid of revolution, the meridian will not be a plane curve. 
The celestial meridian passes through the axis of the Earth and 
through the zenith of the observer, and all places of the Earth, 
which have their zeniths in the same celestial meridian, may be 
considered as having the same terrestrial meridian. Now, con- 
sidering the immense distance of the stars, the vertical at each 
of these places may be considered parallel to the plane of the 
celestial meridian; therefore the terrestrial meridian may be defined 
to be the curve in which the vertical lines at the different points 
are parallel to the plane of the same celestial meridian, which 
will be a plane curve only when the Earth is a solid of revo- 
lution. The terrestrial meridian, determined by trigonometrical 
measurement, is not exactly the same as the above, as will 
appear from the mode of describing it. To measure an arc 
of the meridian trigonometrically, a horizontal triangle ABC 
(fig. 6.) is formed, having one angle coinciding with A, the 
beginning of the arc to be measured Aabc, and the other 
angles with known objects D and C : having determined the 
length of the first portion A a, and its direction with respect to 
the sides of the triangle ABC; to find a second portion ab^ 
a new horizontal triangle BDC is formed, and ab is drawn in 
the plane BDC, so as to make the same angle with BC that 
ila does; in the same manner, the parts ab,bc make equal angles 
with BD, and so on for the remaining parts of the whole arc to 
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be measured. The triangle ABC is not in the same plane with 
BDC; therefore^ A a produced must fall above ab, and in the 
same manner the other small parts of the line A be, which may 
be considered tangents to the Earth's surface at their middle 
points, will, when produced, fall above the adjacent portions. 
The line thus described is called a Geodesic line, and possesses 
curious properties*; it only coincides exactly with the terrestrial 
meridian, when the Earth is a solid of revolution ; the difference 
of lengths of these two lines, is^ however, so small that it may 
be safely neglected in any calculations. 

* The curvature of a geodesic line at any point lies in a plane per- 
pendicular to the horizon at that point. Let A a, ab (fig. 7*) be two 
consecutive arcs,, so small that they may be considered straight lines; 
produce ^a to a, and let the sphere described round a^ cut the con- 
secutive horizontal planes Caa^ Cab, in the arcs Ca^ Cb, and the 
plane Aab, in which the curvature lies in the arc &a; then, from the 
mode of drawing a geodesic line Cb^Ca, and the triangle Cba is 
isosceles i therefore 

cos C6a=cot Cb .tarn ^.bd 

= 0, since 6 aa is evanescent; 

therefore, Cba is a right angle, and the plane Aab, in which the cur- 
vature of the arc Aab lies, is perpendicular to the horizontal plane Cab. 

The geodesic line is also the shortest line that can be drawn on the 
surface between any two points of its course. For let Aa, ab (fig, 8.) 
be two consecutive small arcs of the shortest line, considered as a poly- 
gon of an infinite number of sides; and let the horizontal planes in which 
they lie intersect in the line CB, Then, since Aab is part of the shortest 
line that can be drawn on the surface, Aa + ab must be less than the 
sum of any two other straight lines drawn from A and b to the line CB. 

Draw Am, bn, perpendicular to CB, and let Am=m, bns^n, mn=:c^ 
fna^a; 

.*. \/x^+m*+\/c—xY+n^ must be a minimum ; 

X c— a? 

=0; 



iyx'+m^ \/^Zx\*+f^ 
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35. To find the compression by means of a seconds pendulum, 
considering the Earth as a spheroid of equilibrium revolving round 
its minor axis. 

The length of a pendulum oscillating seconds in any latitude 
varies as the force of gravity at the same place^ which, upon the 
hypothesis of the Earth's being a spheroid of equilibrium^ varies 
as the normal *• If, therefore^ p, p be the lengths of two pen- 
dulums oscillating seconds in latitudes /, l\ and c be the com- 
pression, the equatoreal radius being unity. 



p .p 



1-e^ 1-e 



« 



^1-eSin"/ ' ^l-«*sin'/' 
::. ^\—e^8m*t : i^ 1— c*sin*/ 
:: l-ie»sinV : l^|e«sin*/ 
:: 1 — c sin^ Z' : 1 — c sin^ / ; 

• ft I / ' • 2 1/ 

/. p— /)c sm /= jp — pc sm /; 

p sm / — p sm I 



c = 



The mean compression deduced from the lengths of seconds' 

pendulums = , which nearly coincides with that from the 

measurement of degrees. 

36. Besides the above modes of determining the com- 



ma na . 
Aa ba^ 



.•, cos ^am= cos 6an; 
.•, AaTn=z ban, 
which is the property of the geodesic line. 

♦ See Robison's Philosophy, Vol. I. p. 463, 
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pression of the Earthy there is a third method by observations 
on the Moon. The Moon's motion is subject to several in- 
equalitieSj which can be determined by observation, or calcula- 
tion ; two of these, which are observed to be 6^ and — 8", are 
found by calculation to depend on the compression^ and the 
compaiison of the calculated and observed inequalities, give^ 

from the first, a compression = ^777) ^^^ ^^^o™ ^^^ second 

= ^ , which nearly coincide with each other, and with the 

mean compression deduced from the measurement of degrees. 

If the compression were *** , as found by the comparison of 

degrees in France, the above inequalities, instead of being 6^^ 8 
and -8", would be ll".5 and — 13^5. 

On the subjects of this chapter the reader may consult Play- 
fair^ Edinburgh Tramactions, Vol. V. Puissant, Geodesic. 
Delambre, Arc du Meridim. 



CHAP. III. 



TO DETERMINE THE MERIDIAN LINE OF ANY PLACE. 

37* The principal observations of the heavenly bodies are 
made as they cross die plane of the meridian^ which renders the 
exact determination of this plane of great importance. The 
meridian plane may be founds when its intersection with the 
horizon or the meridian line is determined^ by suspending two 
plumb-lines over different points of the meridian line^ since both 
of them^ being perpendicular to the horizon, are in the plane of 
the meridian. .. 

If a telescope moveable round a fixed horizontal axis be so 
placed, that one of the plumb-lines seen through it hides the 
other, the plane in which the telescope moves, is that of the 
meridian^ and a telescope so adjusted, is called a Transit Instru" 
ment, because the heavenly bodies are seen through it at the 
instant of their transits or passages over the meridian. 

38. If the declination of a heavenly body be invariable, the 
azimuths corresponding to equal altitudes, on each side of the 
meridian, are equal. 

Let Z, (fig. 9.) be the zenith of the observer, S and S' two 
positions of a star at equal altitudes, and therefore at equal zenith 
distances ZS and ZS^y P the pole ; then PZ is the co-latitude, 
and PS, PS' are the co-declinations of <S and 5^, which are 
equal, since the declination of S is supposed to be invariable ; 
therefore the three sides of the triangle PZS are equal to the 
sides of PZS^, and the expressions for the cosines of the angles 
PZSj PZS^, must be the same ; therefore these angles are 
equal, or PZS the azimuth of S = PZS^ that of S\ 
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39* To draw a meridian line by the shadow of a vertical 
gnomon on a horizontal plane. 

The shadow of a vertical rod lies in the vertical plane passing 
through the Sun and rod ; therefore the angle which any shadow 
makes with the meridian line, is equal to the Sun's azimuth ; 
and since the length of the shadow : the length of the rod :: 
1 : tan Sun's altitude ; therefore at equal altitudes of the Sun 
before and after noon^ the shadows of the rod are equal. If^ 
then^ with the foot of the rod as center, and the length of 
any shadow before noon as radius^ a circle be described} and 
the point be observed where the Sun's shadow after noon meets 
the circumference of the same circle, the Sun's altitudes^ and 
therefore the Sun's azimuths at these two instants are equal, and 
the line bisecting the angle between the two shadows, is the 
meridian. 

The exact vertical position of the gnomon must be ascertained 
by a plumb-line, and the horizontality of the plane on which 
the shadow moves, by a level. 

40. The objections to this mode of drawing a meridian line 
are, the difficulty of noting exactly the extremity of the shadow, 
and that the Sun's declination is not invariable, as supposed in 
the proof. The error arising from the first cause, has been 
attempted to be removed, by making the extremity of the 
gnomon globular, and taking the center of its shadow for the 
extremity of the rod's shadow, or by placing a thin lamina of 
metal, pierced with a hole at its center, at the end of the rod, 
and observing where the spot of light falls, or instead of the 
lamina of metal a convex lens, which collects the rays from 
the Sun into its focus. All these methods diminish the error 
arising from the ill-defined shadow of the extremity, and it may 
be more lessened by taking the mean of several meridian lines 
determined in this way for the true meridian. 

41. To correct the place of the meridian^ found as above, 
for the Sun^s change of declination. 

Let Z, (fig, 10.) be the zenith, P (he pole, S the Sun before 

D 
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noon. Then PZ (90 — /) is the co-latitude, / being the altitude 
of the pole, or latitude of the place^ PS (90*^ — 5) the co-decli- 
nation^ and JS^S the zenith distance of the Sun. Ltet A^PZS 
be the angle between the shadow and meridian line^ or the Sun's 
azimuth^ and A\ ^ the values of A and S at the second obser- 
vation after noon. 

cos PS — cos PZ . cos ZS 



Then cos A = 



sin PZ . sin ZS 
sin 5 — sin Z . cos z 



cos A' = 



•. cos ^— cos A = , . , 

cos 1 .8in z 





cos 


I .sin z 


sin 


^- 


sin / • cos z 




cos 


I. sin z 


sin 


r- 


sin S 



• • 



• I /J . i'N ' I rA A'\ 8in|-.(y-g).cos|-(y-f^) 

or, sm ^ . (J. +ii ) . sm ^ . (-4— J. ) = — ; — r-^ . 

' ^ ^ cos I . sm z 

Or, since the angles 5* — 5 and A^A^ are very small, 

I rA A'\ ' 1 /A'^A\ i-(^-^) >COS-|(^ + g) 

•^ .(A^ A ) . am ^ . (A + A) =i ; — r-^ . 

-* * cos I . sm z 

Let t be the time by the clock between the two positions of 
the shadow, A the declination of the Sun at noon. A' at the 
preceding noon, 9,4 +x the number of hours between the two 
noons. Then the change of declination may be considered 
uniform, during one day ; therefore 

9,4 + X : t :: A — A' : S' — 5 nearly, 
and i' 4- 5 = 2 A nearly; 

• i (A^A'^-:l ^^(^-'^'^ CQ«^ 

••*'^ ii;-a- 24+x 'cos/.sin;r.8ini(A'-^)- 

In this equation z is known from the expression, length of 
shadow =s rod tan z, and / and S must be supposed given, at 
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least approximately, for a small error in these quantities will not 
have much influence on the result^ if A — A' be exactly known. 

The angle ^. (A'^ A) thus determined^ is the angle between 
the true meridian and the approximate meridian, found by 
bisecting the angle J'+A between the two shadows. 

42. There is no need of applying the correction for the 
change of declination when the Sun 13 near the solstices, for 
then, as will be proved hereafter, the Sun's declination may be 
considered invariable during the same day. 

43. When the vertical plane in which a transit instrument 
maces, nearly coincides with the meridian, to find the deviation. 

Let Z (fig. 11.) be the zenith, P the pole, S the place of a 
star in its parallel Sa, a the place where it crosses the meridian^ 
ZS the vertical plane in which the telescope moves, then ZP 
(90® - = the co-latitude, and PS (90 — S) a the co-declination 
of the star. 

sin SPZ _ smZS 
sin SZP ~jsinPS' 

or, since the angle SZP, SPZ are very small, and ZS nearly 
equal ZA, 

SPZ sin(g-0 
SZP"^ cos 5 ' 

m 

.-. SP2 = SZP . (cos / . tan 5— sin D. 

Let T be the sidereal time of the star's transit over the 
meridian, t the time of the observation at S, both expressed in 
degrees at the rate of 15^ to an hour. 

Then T-t + SZP . (cos / . tan 5 - sin t). 

Similarly, if T', t', ^ are values of T, t, 5 for another star, 

T = t' + SZP . (cos /.tan S'-sin I); 
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/. T- T' =f - t' + SZP .cos I. (tan 5 - tan ^) 
-t-t' -{-SZP. cos I. ^ ^; 

cos • COS o 

^ ' cos / . sm (0 — o ; 

In which equation T-^T' the difference of the right ascensions 
of the two stars^ is known from the catalogues in which all stars 
are registered with their right ascensions and declinations, and 
t^t' may be observed ; therefore P^SS, the deviation of the 
transit instrument from the meridian, may be found and cor- 
rected. 

• 

In order that the observed error T— r'-(^— 0> caused by 
the deviation of the transit instrument, may be the greatest 
possible, those stars ought to be chosen, in which S — 5* = 90 , 
nearly; so that if the one star cross the meridian near the zenith* 
the other ought to cross near the horizon, or if the declination 
of the one star is small, that of the other ought to be near 90^» 

44. To find the same from the observed superior and inferior 
transits of the same circumpolar star. 

Constructing as before, let SS'aa be the whole parallel 
described by the star, S' and a' the places of S and a 9t the 
inferior transit Then 

sin S'Pa' _ sin S'PZ 
sin PZS" "" sin S'ZP 

_ sin S^Z 
^ sin PS' • 

But since the angles S^Pa\ PZS' are very small, they may be 
taken for their sines, and 

sin S'2 = sin;ra' nearly = sin(90 — / + 90-5)=ssin (/+5)j 

SPa ^ sin (7 + 3) 
PZS' "■ cosS 

= sin /+tan 5, cos /; 



• • 
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.-. S^Pa = SZP . (cos / . tan 5 + sin /), 

.-. T = t' - SZP. {cos I. tsLuS + sml); 

but r=f + S2P .(cos / tan 5 - sin l) 
. rp_ T ^t -- t' + 9.SZP . cos I .tzn S. 

Now r- 2^=12^ or 180% 

. ^ZP^i 180^- it - 
'^ COS / • tan o 

This result depends only on the latitude of the place, the ob- 
served interval of the superior and inferior transits, and the star's 
declination^ and does not require the difference of right ascension 
as the former does ; but as the transits take place after an in- 
terval of twelve hours^ one of them for the greater part of the 
year must be observed by day-light, and the stars near the equator, 
the time of whose transits can be observed most accurately from 
the rapidity of their motions, cannot be used. 

45. In dialling, where the plane of the meridian is required, 
it is usual to find it by suspending a circle of metal or wood by 
a string, in such a manner, that its own weight may keep it 
vertical, and observing when two stars, whose right ascensions 
are nearly equal, or differ by 180^, are seen in the plane of the 
circle. At this instant the plane nearly coincides with the 
meridian, and would accurately, if the difference of right ascen- 
sion of the stars were exactly 0^ or 180^. 

The pole star, and e in the tail of the great bear, whose 
difference of right ascension = 177^. 43'. ll"; or a Ophinci, 
and /3 Dracouis, where the difference of right ascension is 7'\ 
are adapted for finding the meridian by this method*. 



♦ For a mode of correcting the meridian so found, see Brinkley's 
Astronomy i p. l6l. 



CHAP, IV. 



TO FIND THE LATITUDE OF A PLACE ON THE EARTH's 

SURFACE. 

Xhe latitude of a place on the Eartb^s surface may be found 
in various ways^ and the mode to be adopted in any particular 
case must be determined by the observations which it is pos- 
sible to make. 

46. To find the latitude by means of a transit instrument*. 

1. If the Sun's declination is known^ observe the zenith 
distance of the Sun ; then 

« 

the latitude = the declination + the Sun's meridian zenith dfstance. 

2. The latitude = the declination + the observed meridian 
zenith distance of a known star; + if the star crosses the me- 
ridian between the zenith and equator^ and — if the star crosses 
the meridian between the zenith and pole. 

3. If two altitudes A and a^ of the same circumpolar star, 
be observed at the times of its superior and inferior transit over 
the meridian, 

the latitude = the attitude of the pole, 

= il — the star's north polar distance. 

^ By a transit here is understood any instrument, such as a mural 
circle or quadrant, with which altitudes or zenith distances may be 
observed in the plane of the meridian; this is not the proper use of 
a transit instrument, which is only intended for observing the time of 
a star's transit. 
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Similarly^ the latitude = a + the star's north polar dbtance ; 
.*• the latititude = ^ \{J[ + a\ by addition. 

47 • These methods may be used with any instrument 
adapted to observing angles in the plane of the meridian. Or, 
if the exact time of the Sun or star's being on the meridian is 
known, they may be used with an instrument for taking alti- 
tudes, not fixed in the plane of the meridian, in which latter 
case they are applicable to finding the latitude at sea. 

48. To Jind the latitude from two equal altitudes of the 
Sun, observed before and after noon* 

Let Z (fig. g.) be the zenith^ P the pole, S and Sf the two 
positions of the Sun at the equal zenith distances ZS, ZS^ ; then, 
if the Sun's declination, which changes very slowly, (about 
23^ in three months) be considered the same at the two ob- 
servations, PS = PS^ and the angle 

SPZ^S^PZ=i.{SPS'). 

Now if t be the hours by the clock between the observations, 
and T the hours between the preceding and succeeding noons, 
considering the Sun's motion in right ascension be uniform 
during that interval, 

T : t :: S60^ : SPS'(2a), 

which determines SPZ (a), and from this angle, the Sun's 
declination (90 — PS), and the observed altitude (90^-2^5), 
PZ the co-latitude may be found. 

Calculation. Let P2? = 90-Z, PS = 90- 5, 2?S = 90-ii, 

then sin a = cos I . cos S . cos a + sin I • sin 0. 

Let be a subsidiary angle, determined by the equation 

tan {f} = cos a . cot S ; 
.*• sin a = cos Z . sin S . tan + sin I .ainS 

. ^ cos Z . sin + sin Z . cos <f> 

sc sm o • , 

cos <p 
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sin 5, sin(Z+^) 

~ Tti » 

cos (p 



• ,1 I ^\ sin a. cos 
.•. sin (Z + 0) = . ^ 



smS 

which determines 1 + ^, and^ therefore^ the latitude /. 

Cor. 1. In the same manner, the latitude may be found by 
two equal altitudes of the same star* 

CoR» 2. A mode of correcting the error in the determination 
of the angle ZPS, introduced by supposing the Sun's declination 
invariable^ is given in the Chapter on Time. 

49. Cor. 3. The only use of the two altitudes is to de- 
termine the angle SPZ, but if the time between the first ob- 
servation and the instant of the Sun's passage over the meridian 
be known^ that angle is found at once by the proportion 

T : t :: 360^ : SP2, 

and one altitude will then suffice for determining the latitude. 

As the Sun may be obscured by clouds at the instant when 
the second observation ought to be made^ the following method 
of determining the latitude of any two observed altitudes is 
frequently useful* 

50. To find the latitude and hour angle j from two altitudes 
of the Sun, and the time between. 

Let Z (fig. 12.) be the zenith^ P the pole, S and S' the two 
position3 of the Sun ; then^ from the time between the obser- 
vations^ spy (a) may be found as in Art. 48. 

Let ZS=^Zj ZS'^zz'; which are the complements of the 
observed altitudes^* 

PS = A, Py = AV the co-declinations of S and S', 

SS^^e, and /=:90-P2, the latitude of Z. 



S3 

Then, in the triangle PSS'; 

tan i . (P5S' + P5'S) = ^2iii|^J . cot 2 , 

COS 5 (A + A) 2 

tan i .(PSS'-PS'S)= '^t^^^^Ztl ■ <=<>* h 

8m^.(A+A) 2 

pss' = i . (psy + psrs) t i . (ps^ - psrsx 

. ^ sin a' • sin a 
""^^ ,inP^y • 

In the triangle 2^55', 

sin i (^5^) = ^si°f-(«'+^"^)'Si"l«(^'+g"^\ 

^ smO . sin ;2 

PS^^PSS'-^SS'. 
In the triangle ZPS, 

sin Z '= cos z . cos A 4" sin ;? • sin A • cos PSZ. 

sin2PS = sin2SP.^. 

cos/ 

The last equation but one may be replaced by the formulae 

tan =: cos PSZ . tan A, 

. , cos (z — 0) . cos A 

sm / = ^-T- —»- , 

cos 

which are adapted to logarithmic calculation. 

These equations determine successively PSS^, 0, ZSS'y 0, 
and^ lastly, /, and ZPSj which are the quantities required. 

The figure represents the two positions of the Sun on the 

E 
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same side of the meridian, but the proof is the same when tbey 
are on different sides. 

51. The Smi's declination, which is required in the above 
method^ is subject to daily alteration, and is registered in tables 
which contain the declinations corresponding to the noon of 
every day under a given meridian. From these registered de^ 
clinations, the declination for any intermediate time is founds 
by taking a part of the whole increment of declination pro- 
portional to the time from the preceding noon ; thus if S and ^ 
be two declinations from the tables for the times of the preceding 
and succeeding noon under the given meridian, and T^ the time 
between the two noons^ then ^ — £ is the increment of decli- 
nation in T^, therefore^ in t^^ from the time when the declina- 
tion wHs S^ the increment of declination is — . (S' — 5), and the 

whole declination =S-|- — . (S'— S). If^ therefore, at the place 

where the observations are made we have a chronometer which 
indicates the time at the place for which the tables are cal- 
culated, the declinations, and, therefore, the co-declinations A 
and A^, may be found. This remark will be better understood 
after the perusal of the Chapter on Time. 

52. CoR. 1. In the same manner, the latitude may be 
found from the observed altitudes of two known stars, and the 
time between. If the observations are cotemporary, a = the 
difference of the star's right ascensions {d); if they are sepa- 
rated by an interval of t sidereal hours, a = d^l5^ty +when the 
star on which the second observation is made, is west, and 
'^ when it is east of the other. 

53. Cor. 2. If the Sun's declination be considered in- 
variable between the observations, or, if the latitude be deduced 
from two altitudes of the same star, the four first equations of 
Art. 50, reduce themselves to 

cos A 
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sin ^ = sin ^ a • sin A *, 



The remainder of the solution is the same as before. 

In this manner the general problem is often solved; the north 
polar distance is supposed to remain equal to ^ ( A + AO be- 
tween the observations, and the error of from l' to 5\ thus 
introduced^ is got rid of by a subse(]|uent correction. 

54. When the latitude is nearly known, a more correct value 
may often be obtained from two altitudes of the Sun^ and the 
time between, by the following method, which is called, from 
its inventor, Douwe^s Met hod j and is much used at sea. 

With the same assumptions as before, let V be the approx- 
imate latitude, h and U, the hour angles, and A the Sun's north 
polar distance, which is here taken equal to half the sum of the 
polar distances at the two observations, and is supposed to re- 
main constant. 

Th^n cos js =cos / sin A cos h + ninl cos A • ... (1) 

= cos I' sin A cos A + sin / ' cos A nearly, 

and cos z' ^ cos V sin A cos h'+ sin I' cos A ; 
. • . cos z — cos / a= cos /' siu A . (cos h — cos h') ; 

.•. sin J .(«' — «) . sin ^ (/ + 2) 
= cos /'. sin A. sin ^ . (A' — A) . sin i • (A' + A). 

In this equation. A' — A is known from the observed interval, 
when the observations are made on the same side of the meridian, 
and A' + A, when they are made on different sides, and either of 
these being known, the other may be deduced from it by the 
equation, and thus A may be found. 

* These equations may be obtained at once from Napier's rules, if 
the isosceles triangle PSS' be divided into two equal right-angled tri- 
angles. 
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But from equation (1), 

cos ;!: = 8in(/ + A) — ficos / sin A sin^-^A; 
.'. sin(Z+A)s=cos « + 2cos I' sin A sin^^A nearly, 
from which /+ A, and, therefore, I may be found. 

If the subsidiary angle <f> be determined from the equation 

« 

2 cos ^' sin A . • r r 

cot = : . sm i h, 

' sm z 

• //I A\ sin(;2:+0) 

8m(/ + A)= r—r^, 

sm 

lyhich is adapted to logarithmic computation. 

If the value of / thus deduced differs much from the approx- 
imate value V, the operation must be repeated with I instead 
of V, when the method becomes longer than the direct method, 
without being so certain. See Delambre, Chap, xxxvi. 

55. When the latitude is found at sea, from two altitudes 
of the Sun and the time between, a correction must be applied 
for the ship's change of place between the observations. 

Let P (fig. 13.) be the pole, Z the zenith, and S the Sun at 
the first observation, Z' and S' at the second. Let SZS^ = m, 
the arc ZZ' = n; then, m is known from the direction of the 
ship's motion, and if s be the actual space moved over on the 
Earth''s spherical surface, which is known from the ship's rate 

and the time, n=^ - , r being the Earth's radius. Let a, a be 

r 

the observed altitudes of S and S', and ai = 90— ^'iS the al- 
titude which would have been observed, if the zenith at the first 
observation had been ^. Let a^^^a+y, then, from the tri- 
angle Z'ZSf 

sin (a +y) = sin » . cos a . cos w + sin a . cos n. 
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DifiWentiating this equation with respect to the very small 
quantities y and n, and denoting by y'y y\ &c.^ the differential 
coefficients of y^ and by y^^ y^'j &c.^ the same quantities when 
n yanishes^ we obtain 

COS (a +y) . y = cos a • cos m • cos n— sin a • sin n 

cos.(a +y)y — sin (a '■{-yyy^ =» — cosa . cos 971. sin n— sin a cos »; 

.-.^0 = 0, 

COS ayQ =: cos a • cos. iti, 

cos a 4 y' — sin a •y^,'* = — sin a ; 

/. y^ = cos m, y^' = — tan a . sin^ w; 

therefore^ by M aclaurin's theorem^ 

y = cos m.n — -^ . tan a . sin' m . n*, 

neglecting powers of n above the second. 

But a^ = a + y and » = - ; 

r 

.*. a, = a + cos w . ^ . tan a . sin* f?i . — 

r r 

= a + cos w . — : — 77— i-« tan a sra w . 



r sm 1 ^ r sm 1 

when a, and a are expressed in seconds*. 

• 

Having thus found Oi, we may proceed^ as before, to find the 
latitude of the ship, at the second observation, from the altitude9 
a^, a, and the time between. 

* If a' be the seconds in an arc, the length of which, expressed in 
parts of the radius, is a, asa'^x length of the arc of 1"; 

but the arc of l"=sin l" nearly ; 

.•, a=a", sin 1", and a'' = -: — -;;. 

' sin 1 
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56. Cor. If the spheroidal figure of the Earth be taken 
into consideration^ r must be taken for the normal at either place 
of observation, 

57. To determine the latitude from zenith distances of a 
heavenly body, observed very near the meridian. 

Let Z^PS (fig. 10.) be the zenith distance of the Sun or of 
a known star S, observed very near the meridian, ls=go^—PZ, 
the latitude required^ S = go^ — PS the star's known declination, 
and h = ZPS the hour angle. 

Then cos z = cos I . cos S . cos h + sint sin S 

= cos (/ — 3) — 2 cos I . cos S . sin* f A. 

Let z = m+y, m being the star's meridian zenith distance, and 
y a very small quantity to be determined ; then m^l — Sy if the 
star be between the zenith and equator, and S — /^ if between 
the zenith and pole« Let, also, 

2 cos I cos S . sin^ | A s: a:, 

and denote, as before, the difierential coefficients of y with re- 
spect to X, by jf', y"; 

.'. cos (m +y) = cos (/ — 5) — x, 

sin (w+y)y=l, 

sin (m +y) y" + cos (m +y) y* =0. 

Making x = in these equations, and denoting by y^y yo"", the 
corresponding values of y, 

sin m .y^ =^ 1, 

sin m .y^' + cos m .y^ = ; 

.1 J // 1 



sin w " " sm^ m ' 
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therefore^ by Maclaurin's theorem^ replacing x and m by their 
values, 

2 cos / • cos S . sin^ | h 
^ "" sin (IS) 

* ^. ^x /2 COS / . cos S sin* i A\* . ^ 
-i.cot(/-5).( ,i„(,,^) * )+8cc. 

Or, expressed in seconds, (Note to ^rt. 55,) 

Q, cos 2 • cos S • sin^ | h 



y = 



sin l''. sin (/ — tS) 



,1 «v . ft /^ cos / . cos 5 . sin* } A\* , - 

-r I . cot (/ — o) . sin 1 .1 .>,.., — 57 — 1 + 8cc. 

\ sin 1 . sm (/ — o) / 

In calculating the coefficient of sin* f A, / may be taken equal 
the least observed zenith distance 4-^« To find A itself ; if a 
transit instrument be used, the clock will shew the interval 
between the time of observation and the transit, from whence 
A may be found, as in Art. 49* If there be no transit instru- 
ment, an equal zenith distance must be observed on the other 
side of the meridian^ from which h may be calculated, as in 
Art. 48. 

Having by. these means got the correction y, t—y^ the 
meridian zenith distance is found. If, therefore, several meri- 
dian zenith distances of the same star be taken near the meridian, 
and we call % the mean of the values of z^ and Y of y. 

The true meridian zenith distance = 2 — y, 

and the true latitude = S ± (2— F). 

In general the £rst term of the value of y is sufficient, and the 
second, which is easily deduced from it, need not be resorted 
to, unless the star be at a considerable distance from the 
meridian. 



/The pole stary which is; a star of the first magnitude' veryt 
near the north pole^ on account of its slow motion, may ber 
employed with greater advantage than any other in determining 
the latitude by this method ; with this star^ jf is very small for 
more than a quarter of an hour before and after the star's 
transit. 

This method^ by which the latitude is found with very great 
accuracy, may be used by land or sea ; in the latter case h must 
be determined as in Art. 48. ' 

58. Cor. The change of altitude^ or zenith distance near 
the meridian, varies as sin^ A> and therefore as h* nearly^ or as 
the square of the interval between the time of observation^ and 
the time of transit. 

59* If H be the meridian altitude, h and h' two other alti- 
tudes observed near the meridian, T, ty t\ the corresponding 
times ; then^ because the change of altitude, near the meridiaui 
varies as the square of the interval between the time of obser- 
vation and the time of transit^ 

.\ H.(^T-'t'f''h.(T'--ty=^H.{T-tT-'h\iT^tf; 



.'. H = 



(^T^ty+ (T- tf 



6o. Let h, h-^-a^ h^a be three altitudes of the Sun or of 
a star, observed very near the meridian, 

T, T+by T-^-b'. . . . corresponding times by the clock, 
r+ 1 the time corresponding to the meridian altitude H. 
Then, H-h : H-^h-^a :: ^* : (^ — 6)% 
.-. {H--h).ie^2tb + b')=^(H^h).t^^at^; 
A at^^iH^h).(2tb--b% 
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a ^tb — b* 



• • 



a 9.tb'-h 



' _ i'« » 



ab'*-ab* 
'''*^^- ab'-ba' ^^^• 

ButH-A= *** 



^erefore, substituting the preceding valiie ot t, 

' {flb'^-b^a'f ' 

^ = *'^4.66',(6'-6).(a6'-6a*)'V<*^- • 

' The equation (2) determines the meridian altitude ff, fronf 
ivhich the latitude S ± (90 »— fl) may be found. From equation- 
(1) we obtain T+^, the time by the clock of the star's transit 
over the meri4ian. 

This method^ as Littrow remarks/ has the advantage of re-^ 
quinng neither the approximate value of the latitude, th^ hour 
angle» nor the star's declination^ and since it contains only the^ 
differences of times for a small interval, maybe uqed vtrith i^ 
watch which gains or loses several minutes in the day. It re- 
qiiiredy however> that the differences of times and altitudes be 
observe^ very e^^actly, : • 

6l. The pole star^ on account of the smallness of its north 
polar distance (l^ 38'. 47^0 may be adv(intageously tised for 
finding the latitude in any point of its circular course. 

Let di an altitude corresponding to the hour angle h^ :^ / +y, 
where y is always very small, and in no case greater than 
±1^ 38'. 47'' (A); then, 

sin (Z +y)^s; cos I sin A .cos h.+ sin^ •coa A ^ 

therefore., as in Art. 55. 

I y = cos A . A — I sin* h ;iah I . A*^ nearly ; 

therefore the latitude = a — y 

:*^ sa-«.cosAA + } sin'^ . tan Z. A ♦* 
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For a first valiid, / inay be taken se £r-'CosilA^ froma Mrhicb 
the coefficient of A^ may be calculated; therefore determining 
n latitudes I, l\ &c.^ in this nianner, the trUd latitude 

n 

The observations required in Articles 57 and 61 may be 
made with any instrument for ttikirtg altitudes or zenith dis- 
tances^ but the formulae are principally intended t0 be applied 
to observations made with the repeating circle^ which is a 
portable instrument well adapted ta observing a number of 
angles in succession. The meridian altitude of the Sun or 
a star thus obtained from several altitudes taken with this in- 
^truraent very near the meridian^ is nearly as correct as tha^ 
found by the &i6re tostly bstruments which are fixed in the 
plane of the meridian. For a description of the repeating circle, 
see Biot Astrouomie, Chap. xx. p. 273. 

6Si, Given the latitude of a plate on the Earth's suffdee 
eonsideted an an oblate splietoid, to faid the latitude measUl^ed 
f^otk the center • 

* • ■ 

( Let / at I'Ge^ (fig. 5.) be the latitude of P, V « PC e the 
latitude from the center of the Earth C^ Ce the equatoreal 
radius = a, and Cp the polar radius = 6. 

. Thdti, tan Z' : tan / :: GN : CN^ :: 6* : a% 

ft* , , • .. 6* 



I .. 



.*. t&n V Ji£ --. tan I =i n . tan Z, | making -5 == w j ; 
a- . \ a / 

g/V^Tl , 2ZV^ ■ 

« +1 e +1. . 
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»•. e . {1+11+ 1— n.e J 

= 1 — n+l+n.e i 



6 . {l+i»6 J==«i+e . if m = — : — > 

• l+« 

.•.6 =e 



2/v^in • 
l+i»€ 



^stiy^, 



2r.v^3i=:2/v^3T+Iog(l+ii|e"^^''^""') 



2 / V ^-T 
— log (I + me ) 

= 2/>/ — 1— w.(fl -^^e ) 

+ ^m'.<c — c ); 

/. /' = /— m. sin 2Z+-]^m® sin 4/— -jiw' sin 6/+&c. 

— / .sin 2/+^. I — : — I . sin4/-&c.; 

l+« Vl+7t/ 

63. Cor. 1. Since tan i = - .tan Z', it may be proved^ 

n 

in the same manner, that 

/ = Z'-m'.sin 2/' +im'* sin 4/'— 8cc., 

1 
1 -- 

where m = 7 = — tt"-* 

n 



.•. /=/' -1 • — .sin 9,1 

1 +n 



44 

' +i(~^) .sin4r + &c. 



64, Cor. 2. If n = cos e. 



1-w 
1 -f w 



— tan* e ; 



/. t = 1 — tan' 6 .sin 2/ +^ < tan* e*. sin 4/ — &c. 
/=r+tan%. sin 2/'+^. tan *6. sin 4/' + &c. 

65. Cbnl 3r If .0. be the -correction which must be added 
to the observed latitude^ in order lo get the latitude reckoned 
from the Earth's center,^ 

=5 lati* € . sin 2/ — &c. 
= tan* 6.sih2/' + &C. 



CHAP. V. 



ON THE sun's motion IN THE ECLIPTIC. 

66. To Jindj by observation, the Sun's motion in right 
ascension in any time. 

Let t and t', the respective times of transit of the Sun and a 
£xed star, be observed by the clock ; then^ if the clock gain or 
lose uniformly, and 24 + x be the hours between two successive 
transits of the same fixed star^ 

24 + ap : t' — t :: 360^ : diflFerence of right ascension of 
the Sun and star, at the instant the Sun was on the meridian. 

If A and a be the differences of right ascension of the Sun 
and the same fixed star, thus found at different times, a — J. is 
the Sun's motion in the interval, supposing the star's right 
ascension to be invariable. 

67. In finding the Sun's motion in right ascension, it is not 
necessary that the hand of the clock should go round exactly ill 
^4 sidereal hours^ but merely that the clock should gain or lose 
time uniformly during the same day, and that the whole gain or 
loss be known. 

68. The stars, as will be shewn in the chapters on Aberration 
and Precession, do not always appear in exactly the same place, 
but have small apparent changes of position, which can be 
ascertained ; if, therefore, 5 be the right ascension of the star 
;At the first observation^ and S + e. at the second^ 
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A = the Sun's right ascension at the first observation — S, 

« = second #••... — (S-He); 

.". a — A = the Sun's motion in right ascension — e; 
.'. the Sun's motion in right ascension = a — il + 6. 
Q^. To find the Sun^s declination by observation. 

Let the zenith distance of the Shu, when on the meridian, be 
observed, then, in north latitudes, the observed zenith distance 
= the latitude of the place — the Sun's declination ; therefore 
the Sun's declination = the latitude of the place — the observed 
zenith distance. 

^ If the declination, thus found, is negative^ the Sun is on the 
south side of the equator. 

In observing the altitude of the Sun, or of any other heavenly 
body which has apparent magnitude, the altitudes of the upper 
find lower limb are observed, and the semi-sum of these is taken 
for the altitude of the center ; in the same way to find the time 
of transit^ the times of transit of the western and eastern limb 
are observed, and their semi-sum taken for the true tiine of th^ 
transit of the center. 

7^* If ^^ Sun's declination be thus found on every day 
throughout the year, it is found to be at one time, and after- 
wards to increase up to ^3^. 28^, at the end of three months; 
from this time it decreases, and is again 0, at the end of half a 
year, when the declination becomes south, and the same changes 
of south declination recur for the next half year. If the Sun'^ 
motion in right ascension {A) in the interval between his decli- 
nation being 0, and jD be observed, it is found that sin Aoc.izxi D, 
which proves that the Sun's motion is in a great circle, which 
cuts the equator in the points where his declination is 0. 

7 ^ • 2 "^ j^wcZ the right ascension of th^ Sun and the obliquity 
of the ecliptic. 

Let Y jD, (fig. 14.) be the equator, ^ S the ecliptic, or plane 
in which the Sun moves, S and s two observed positions of the 
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diitl^ wy ti onf the meridian of the observer, SD(:^, v^dsddH^ 
the coh-esponditig declinations. Let Dd(2tt) the difference of 
right ascetisioti of S and s be observed ; tben if op D ^x, and 
S^l) the angle between the elliptic and equator^ which i$' 
called the obliquity^ = «, 

sin :r s tan^ . cot lu^ 

sin (x + 2a) =s tan o . cot w ; 

« ■ . 

sin (x + 2a) + sin x ^ tan S' + tan 5 j 

sin (j? + 2a) — sin jt tan 5^ — tan S * 

tan (x+a) sin (S' + 5) 



Or 



tan a sin (5^ — ^) ' 



.*. tan {x + a) = -t-ts? sr. tan a, 

sm (o — o) 

and cot a» = sin x • cot S. 

Which equations determitie x add w. ^ 

The value of the obliquity thus found = 23®. 2?'. 40". 

72. Cor. 1. Having found the right ascension of the Sun^ 
ifaat of any other heavenly body may be found by adding to' it 
the difference of right ascension of the body and the Sun de-*> 
termined^ as in Art. 66. 

73 • CoR. 2. The right ascension of the Sun^ when on the, 
iqeridian^ converted into time at the rate of 15® to an hour, will 
give the sidereal time from the first point of Aries being on the 
meridian. 

J4. FiamsteacTs method of ^tiding the Suns right ascension. 

Let ^ lyL (fig. 14.) be the equator, <r SL the ediptic, S 
the Sun near the equinox ^ , when on the observer'^ meridian^ 
D his place referred to the equator by th6 declination circle SD. 
Let m and n be places of D similarly determined ifear the^ 
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cpqiiifio^.'Xi \ytiere the Sun's declinations S' and ^' at succeeding^ 
noons^ are one greater^ and the other less than SD (JS)^ D' the 
intermediate place where the declination = ^. Then Dm(2a\ 
tbe difference of the Sun's right ascension at jD and m, may be 
found {66), and mra (2)3) the difference at m and /{• 

Now the changes of right ascension and declination may be 
considered uniform during the same day ; 

.*. o — 5'V: ^—5 :: the time between the two successive 
transits of the Sun : time froni m io Df 

:: m7i : mD' 

:; 2)3 : w IT = 2)3 . y^^/ • 

Let A be the Sun's right ascension at th^ first observation ; 
.*• A -H 2 a is the right ascension of m, 

and il + 2a + 2)3 . ^^y of D', which equals 180"* — -4 ; 

.-. A = 90^-.a — )3. 



^-.^'' 



The differences S' — 5, 5' — 5^' equal the differences of th^r 
observed meridian zenith distances^ which renders the knowledge 
of the latitude not requisite in Flamstead's method, and causea 
all errors which equally affect the observed zenith distances 
to vanish. These advantages render the approximate method, 
in practice more accurate than the preceding, which is theo" 
retically exact. 

75. When the Sun is in one of the solstices, the right 
ascension = 90^, and the declination equal the obliquity (o)). If, 
therefore, we suppose the Sun to be on the meridian of any 
place, latitude (/) at the time when he is in the solstices, and 
that the altitudes ii'and A' are observed corresponding to th^ 
summer and winter solstice* 
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4=1=90®- © 's zenith dist =90-(/- 's dec.)=90-7+w. 
Similarly, ii'=90®— .0 's zenith dist.=90— (/+ 's dec.)=90— Z— w ; 

7^* ^^ ^^^ ^^^ c^^ ^°'y ^^ on one meridian at the time of 
either solstice, and is never on the same meridian at two succes- 
sive solstices, the ancients^ who made use of this method, em- 
ploying the greatest and least meridian altitudes found by the 
shadows of gnomons for the sols titiaL altitudes, could not have 
obtained exact results. 

* 

77' I^ « he the length of a vertical gnomon^ and s, s\ thfe 
lengths of the shadows at the dme of the solstices, a = 5 tan A, 
or s' tan A' ; whence, from the equations of Art. 75, we easily get 

s "*— s 

ian 2cu = a . 



tan 2,1 = a . 



a +SS 

s+s 
-i /• 

a —55 



78. To find the relation between the Sun's right ascension^ 
declination, and longitude. 

Let '*r S (fig. 14.) the Suns longitude =Z, ^ D the right 
ascensions a, SD the declination = £> then applying Napier's 
rules to the right-angled triangle t SD, 

tan a = cos o) . tan I ... (l), 

tan S = sin a . tan o) . . . (2), 

sin S = sin o) . sin / . . • (d), 

cos I = cos a . cos £ ... (4) ; 

which equations, when two of the quantities a, w, Sj I are given, 
determine the others. 

G 
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79* Con* 1« Th^ equaliQn^ (1) and (2) admil; of useful 
traDsformatioDs ; substituting in (1) the imaginary values of tan a, 
tan I, and proceeding as in Art. 6^, we obtain, 

a = /— tan*-J-(tf.sin2/ + §. tan* Jo . sin 4/— &g. 

I =a + tan*^a» sin2a+^. tan^^^-w. sin 4/ + &C. 

/, /-*-«?= tao^ ^ «^ • sin SZr-J.tan^^itf .«in4/ + 8fcc. . . (a), 

and / — a = tan* -^ co . sin 2ii +|- . tan* Joi . sin4a +&c« . . (/3). 

These series are called the reductions of the ecliptic to the 
equator^ and are useful in calculating tables. 

80. CoR. 2. Proceeding in the same manner M^ith equation 
(8)^ we have 

^ 1— sin^ . ^ ,* 

o =5 0» — — : — : — .8m2ft) + &c. 
l+sina 

«^ 1 — sin a . » fl 
o) = + — — — : — .sm2o+&c. 



But, i^ = ^-'^"^^-^ = tan' i (90«-.a) 
1+sma 1+COS90 — a 

=!tan*|-ti, (if 90®-a = w); 

.'• (*)— 5=?tan*-5-M.sin Sw— -J-. tan^^u ^in 4oi + &c. . . (7), 

fti — 5 as tan* ^ ti . sin 2^ +-J . tan* ^ ti sin 4^ + &c. .•. (i). 

The series y, S are called the reductions of the declination to 
the solstitial declination. 

81. The reduction of the declination to the solstitial decli- 
nation, in terms of the longitude, may be deduced from the series 
(y), (S), or more readily from the equation 

sin 2 = sin 0) . sin i, 
by Maclaurin's Theorem. 
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Let 5 = «-y, / = 90^ — 11; 
•*. sin (01 — y) = sin CO . cos u 

= sin. CD — 2 sin ci» • sin^ f u. 
Let 2 sin a» . sin' I ti s= j: ; 
.*. sin (ft) — y)«sin or — X ; 
.*. cos (fiDr-y),ys3l^ 

cos (ft» — y) . y + sin (oD—y) , y'* = 0, 

&c. =&c.; 

making xsQ in these equations, we obtain 

3^0 = 0, 

yo = - — ^> 

cos 01 

Vo = — tan ft» . '—3 — ; 
•^ cos w 

therefore substituting these values in Maclaurin's theorem, and 
replacing x by its vahie 2 sin oi . sin^ | ti, we have 

y = 2 tan a» • sin' J m - 2 tan^ o) . sin* J m + &c, . . (c). 

In the equations a, )3, 7, ^, e the arcs o)^ /, y, &c. are expressed 
in parts of the radius of the circle ; expressed in seconds, the 
Jast equation becomes 

2 tan 01 . - T ^ tan® ^-41. 
^ sm l" ^ sm I ^ 

and the equations a, (3, y, i may be reduced to seconds in the 
same way. 

82. The formube y, S, e, afford the most exact means of 
finding the obliquity. By Art. 71, a near valuer of 01 may be 
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obtained, from which> andan observed declioation of the Sun 
near the solstice^ u may be found by means of the equation 

sin ^ = sin w . sin I, =sin o) ...cos u. 

Substituting these values in the equation 6, a value of y is ob*- 
tainedy and if^ from n declinations^ S, S^ near the solstices^ u 
reductions y, y, &c. are deduced.. The obliquity 

5+s'+&c.+v+y+&c. 

== — , very nearly. 

The first term of the equation «, suffices for finding the re-^ 
duction y, * if the observations are made within 7 or 8 days of 
the Sun's being in the . solstice ; the observations may he e:^- 
tended through double that time^ if the second term be made 
use of. 

83. To find the position of the ecliptic, in the heavens at any 
time, with reference to the meridian and horizon of any place. 

Let Y ^ (fig< 15 *) be the equator^ 

^ O ecliptic^ 

HR . . . ; . horizon, 

P^ Ky 2, their respective poles. 

Let the meridian PZ cut ^p O, t Ei and HR in C, c and 
H respectively, and let KZ cut <^ O in N, and HO in J; then 
C is called the Culminating Point of the ecliptic^ or the Mid 
Heaven, O the Ascending point, and N the Nonagesimal De- 
gree, Now the arc joining the poles of two. great circles 



* In the. figure, the.arcs CO, tfH, &c,, are supposed, to be on the 
eastern hemisphere, and ClT, cy* on the west, so that Qc, or from the 
right hand side of the page to the left, is the direction of the diurnal 
motion, or from east to west, and cQ. is th^ direction from west to east, 
or the .order of the signs. 
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measures their inclination, and being produced, cuts the circles 
90° from their point of intersection ; therefore, ZK is the in- 
clination of the ecliptic to the.horizon^ and NO = 90°; for the 
same reason, 01, EH, <y> T, v t, aW equal 90°, T and t being 
the intersections of the equator and ecliptic with the solstitial 
colure. 

Let S be the place of. the Sun referred to the equator, by 
a. declination circle, . then, the WgA^ ascension of.the mid heaven 
{A) = op c.= V 5+ «S c = the Sun's . right . ascension + the Sua's 
distance . from . the meridian measured along the equator = the 
Sun's right ascension + the hour angle from noon. . 

liCt 7= T N be the. longitude of the nonagesimal^ 

a = HO south azimuth of the ascending point. 

Then, in the. triangle ZPKj we have given 

^PK the obliquity =ft), 
PZ . . co-latitude = c, 

2P£= 180°- 2Pr= 180®-(t T- Tc) = 90° + il,.. 
to fij^d 

ZKP^ Nr=Y^- yN; =90°-/; 

PZK^CZN^HI =a-90°, 

ZK = NI, the altitude of the nonagesimal ; 
therefore, by Napier's analogies, 

un (90' - i (« + 0) = :;;i;'g;^g . .<•. § m-^A). 
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1 • #vir • T>Tr *^** ZPK 

and sin Z-K = sm Pa . -: — - ^ ■ 

sm PZiv 

sin 6) • cos A 
— cos a 

from which equations, a, 1, ZK may be found. 

The inclination of the ecliptic to the horizon, and the azimuth 
of the ascending point, are all that are required for ascertaining 
the position of the ecliptic with respect to the horizon, but /, 
the longitude of the nonagesimal^ will be required in a sub- 
sequent Chapter. 

84. Coil. When Aries rises, the solstitial colure coincides 
with the meridian, and therefore, K falls on the meridian, but 
since the Sun in moving eastward through y, passes into north 
declination that part of the ecliptic which lies to the east of IT 
lies north of the equinoxial; therefore, when IT rises in north 
latitudes, ym the part of the ecliptic which is west of IT, falls 
below the equator Vw, and K lies in PZ or PZ produced, and 
not on the other side of P. As Y rises, or moves in the di- 
rection EY, K moves in the same direction, and the angle 
ZPK increases ; therefore, since the sides ZPy PKj are con- 
stant, ZK, or the inclination of the ecliptic and horizon, increases 
continually, from the time when K is on the meridian, or ^ 
rises, till ZPK = 1 80^, when the solstitial colure again coincides 
with the meridian, and Y sets, 

• « • 

85. Given the right ascension and declination of a star to 
find its latitude and longitude; and conversely. 

Let VD, (fig. 16.) the right ascension of the star S*, =a, 

SD declination =d, 

yL longitude =/, 

SIj latitude =X, 

LyD the obliquity =ft), and iSirjD = 0. 
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TbeUj iQ the right-angled triangle 

StD, cot <f> s= COS a . cot ^ (1), 

cos 0= tan a . cot ITS .... (2), 

SyL, cos (0 — w) = tan / . cot TS (3), 

8rD, sin 5= sin 0. sinrs (4), 

STL, 8in\ = sin(0— ai).sin TS . • (5), 
therefore^ from (2) and (3), 

_ cos (0—0)). tan a 

tan / = '- . 

cos i 

c fA\ J /icN • \ sin (0-ft)). sing 

from (4) and (5), sm \ = — -^ — ; 

sm 

from which equations 7 and X may be fotind by means of the 
subsidiary angle 0^ obtained from equation (1). 

86. The formula for finding the right ascension and decli- 
nation from the latitude and longitude^ may be deduced in 
ex^c^ly tl^^ samp manner, but it is obvious that they may ' be 
derived frp(n tb^ former^ by changing \ into S, I into a> and 
^al^ing tip negative. They are, therefore^ 

cot = cos I . cot X^ 

cos (0 + ft») . tan / 
tfin a =? -^ , 

cos 

. ^ sin X .sin(0 + ai) 
sma= :— -^- , 

SUI0 

Sfit representing |he subsidiary angle in this cas9. 
82. Let. OShy the angle of position^ zx,S, 
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Then in the triangle TOD, tan = sin a .tan a> (1), 

sin = tana. cot TOD . . (2), 

SOL, cos(5-0)=xotS.cot TOD.. {3); 

therefore^ from (2) and (3), 

cos(S — 0). tana 



cotS = 



ind 



sin 



which determines S from a and 5 by means of the subsidiary 
angle 0. 

87. Similarly, if the arc of SL produced, between the 
ecliptic and equator be taken for the subsidiary angle 0^ 

tan d = sin / .tan w, 

cos (\+^)« tan I 



cot S = 



sin 



which equations determine the angle of position^ when the 
latitude and longitude of the star is given. 

' 88. Produce DS, i5 (fig. 17.) to meet the poles of 'th« 
equator and ecliptic -in P and K, and let XP meet the equator 
and ecliptic in Q and C; then, KP is the solstitial colure, and 
T is its pole, therefore, the arcs TCy TQ^ TP, TK, each 
= 90°, and also the angles TKP, TPK, &c. » 

.-. SPK = 90°-ha, SXP = 90°— /, PX = c«, 
SX = 90°-X, SP = 90 -I 
PSK, the angle of position of the star, = S. 

Hence cos SPK = — sin a, sin SPX = cos a, 
cos SKP^ 8inl, aiu SEP = cos I, 
and applying these. values and the usual formulae of Trigonometry 
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to the trkmgle SPK, tlie following equations may b<s easily 
obtained : 

tan a = cos co . tan /— tan X . sin w , sect / . . . . (1)^ 

sin & ssin w . cos \ . sin Z + cos oi . sin X (2)9 

tan / =s cos 01 . tan a + sin CO . tan ^ • sect a . • • . (3)^ 

sin X = cos 01 • sin d — sin o» > cos ^ • sin 6r (4)^ 

cos S • cos a = cos X • cos / (5)^ 

9 

cot S = cot &> • cos S • sect a + tan a • sin ^ (6)^ 

= cot o» • cos X » sect 2 ~ tan / • sin X (7)« 

The figure represents the first quadrant of the sphere ; in the 
second quadrant, SKP would =/— go^^ and in the same way, 
that and SPK would alter in the other quadrants; but the 
algebraical results above deduced are of course general, and 
independent of the particular position of the geometrical figure 
whence they were derived. 

89* We are now enabled to explain the method of making 
a catalogue of the fixed stars^ and of registering their places 
either with respect to the ecliptic or the equator. 

Having found (Art. 71.) the Sun's right ascension^ let the 
hand of the sidereal clock be so placed^ that the time by the 
clocks convert^ kkto degrees at the rate of 15^ to one hour^ 
may give the Sim'a right ascension. Then, when Aries is on 
the meridian, the clock will point to 24^ and if ^ be the time by 
the clock at any other instant, \5^ .t will be the right ascension 
of all fixed stars then on the meridian^ which may therefore be 
found. The declinations of the stars may be deduced^ as that 
of the Sun was (Art. 69-)> by subtracting the observed meridian 
zenith distances from the latitude, considering zenith distances, 
which are north of the zenith^ negative^ and all stars with ne- 
gative declinations, to be south of the equator. When the 
stars are thus registered according to their right ascensions and 

H 
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dedinationsj a catalogue, in which they are ranged according to 
their latitudes and longitudes^ may be formed from it by Art. 85. 
On account of the small changes of place of the fixed stars 
alluded to in Art. 63, 'the^iig^t^isclnsions^ declinations^ &c. 
observed at one time^ will be different from those observed at 
another; but sinee the law ^i>f these changes is known^ we are 
able, from the observations made at different periods, to cal- 
culate the right ascensions' tftid declinations, such as they would 
have been found, if all the observations had been made at the 
9rf>s%aief<gi^n-egQl:hu 'i'- .i- ':-:it i-- ^..i . ir^}^ f.H:^ t-^ oo 

b=;bivij[> M i: . = :• - :■■ •• '\i .;■♦'. . v / .., ■. ,i.\ V 
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CHAP. VI. 



ON TIME. 

90. Astronomers distioguish three kinds of days, the 
Sidereal, the Solar j and tbe Mean solar, each of which is divided 
into 24 equal parts or hours, each hour into 60 miuutes^ and 
each minute into 60 seconds. 

91. The sidereal day is the interval between two successive 
transits of the first point of Aries ( T )^ and begins when that 
point is on the meridian. 

The sidereal day is the same as the time of the Earth's rota** 
tioD *^ and may be considered equal to the time between two 
successive transits of the same fixed star over the meridian. 



* If Y^ were a fixed point, the sidereal day would be equal to the 
interval between two transits of the same fixed star ; but the axis of 
the Earth, as will be noticed more fully in the Chapter on Precession^ 
describes a conical surface round the axis of the ecliptic in 25680 
years, in consequence of which, the intersection of the ecliptic and 
•quatcHT moves dong the ecliptic through 5(yM, yearly, in a direction 
contrary to the order of the signs. This motion does not affect the 
length of the sidereal day, as defined in the text, which remains the 
same as if y were a fixed point, because a given meridian, by the 
change in the position of the Earth's axis, is carried backwards as 
much as y^, and the relative motion of y and the meridian is not 
altered; but the interval between the successive transits of a fixed 
star will be changed, and will be less or greater than the time of the 
Earth's rotation, according as IT is carried to or from the star; that is^ 
according as the star's right ascension is diminished or increased by 
precession. There are also other causes (Chap, x, xi.), which alter 
slightly the real or apparent right ascensions of the fixed stars, and 

therefor^ 
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A Solar day is the interval between two transits of the Sun 
over the same meridian^ and begins at noon. This is sometimes 
called the true day^ and sometimes the apparent day^ because 
marked by a real phenomenon^ the appearance of the Sun on 
the meridian^ and not beings as the sidereal and mean solar days 
are, the results of calculation. The solar days, when compared 
by a good clocks are found to be unequal^ which renders them 
unfit measures of time. 

The Mean Solar day, as its name imports^ is the mean 
of solar days, and is determined by the transits of an imaginary 
Sun, which describes the equinoxial with the Sun's mean motion 
in right ascension or longitude. 

The difference between the true and mean time is called 
the equation of time^ by the addition of which to true time, the 
mean time may be found. This quantity may be as much as 
16' 17", or — 14' 37"; that is, a clock adjusted to mean time^ 
may indicate I6' 17'', or 23^ 45' 23" when the true Sun is on 
the meridian. The means of determining the equation of time 
will be given in a subsequent Chapter; here it may be taken 
for granted, that when either the true or mean time is known, 
the other can be found, if the Sun's place in the ecliptic be given* 

92. As the Earth revolves uniformly, a given meridian sepa- 
rates itself from the mean Sun by an angle of 360^ in 24 mean 
solar hours ; therefore, if h^ be the distance of the mean Sun from 

A . 
the meridian, or the hour angle, — will be the mean solar time in 

15 

hours. In the same manner^ if h^ be the hour angle of the true 

Sun, or of <Y> , — will be the true, or sidereal time, respectively. 

15 

therefore render imequal the intervals between the successive transits 
of different stars, or of the same star at different times. The differ- 
ence, however, of a sidereal day, and of the interval between two 
successive transits of the same fixed star, except for stars very near 
the poles, is too small to be noted by the clock, and can only be 
detected in its accumulation for a long period. . 
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iii0^M^Y<llkkl^ith^i£arth ill £4' sblftf Hdors^ if it be ii<Hyii^tiriRe#^a(^ 
giit^e» qtn^ridiaii, th^ SUn will haSf^ fkien dti a meridian fCi^^^^ 
oHtf'M ^soki^ hour beford^: and Will pam'tt meridian 16^ west-^Afr^* 
hoi|prafteir>; cberefore' h is one b'clock utider the formers <tinftf^>* 
elb^ctiivndef tihe latter nieridian. In the Mime manner it Aii^*" 
beiiahkwnii that" foi**< every additional 15° of east longit^ide^ thef"^ 
clock is a solar hour faster^ and for every 15^ of west iMgilud^;- 
an hour slower. The same is true of the transits of the mean 
Sun. or of a fixed star, biit the hours jby which the clock is 
faster or slower, are. m the former case, mean solar hours, and 
m the latter, sidereal hours. 

Cor. Any phenomenon^ which is visible at the same instant 
of absolute tioie, wit! appear t6 happen an hour later for e^rery 
15^' 0f east lodgitude^ and an boiir earlier for every 15^ of west*' 
longitude*; 8<o that if the time of liny observation is givien, tb^" 
abtohrte instant of its happening is not determined^ unless the 
mcndian ff om which the time is reckoned be given; 

^*I1ie tiine used in this work is always mean time, unless tl^e 
cobtiraiy be expressed, and ih that to which clocks and watches 
ar^^ usually adapted. Astronomical clocks are often regulafedf 
to 'sidereal time. The hours pointed out by sun dials are ia 
solftf time. U' 

'St4V ^The interval from the Sun leaving Ariei5,"till it return^' 
to 'it again, is 365^ 5^ 48' 5 1^^ in which time the Sun separates 
fr9iq.,Arii^a J^g^^ff ^pgle of 360^; therefore the. Sunfs mean | 
motion in longitude in one mean solar day = 59' 8".d3y which 
is 'Obtained by difvidhlg'the whok angle 360^ b^'the whcile tiitiVei'<- 
355^ 5^ 48' 5 1'V 

95. The mean Sun in the equator, which moves with the 
Span's mean motion in longitude, describes an~ang1e7>T 5£r ~8^.'33~~ 
in'tt nii^an Bohrr day; tfiei^efore in the interval > bHWlS^tV6'dt^^^^ 
cetoive transits «iver the same i!neridiM, the Earth itfttlfi^Vidli^''' 
thrbugh'36(}Pi59''8".35; W in a sidereal day the' EarMi r6-''" 
v6lvfesalm)tigb-3«)^.' -^ • '- • ••• -' ■' " "^-^ - •-■0": 



,-. a sidereal day : a np^a^ffo^w^iday .):r36Q? ^(S6fii:59'B «Sa 



■} '■ '^D 
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> . q6. To convert sidereal into mean solar time, and conversely. 

" Since the number of hours^ minutes^ or seconds^ in any given 
interval of absolute time mudt be inversely as the length of one ; 
therefore^ if m be any time, expressed in mean hours^ minutes 
and deconds^ s the same time expressed in sidereal hours, 
Minutes and seconds, 

m : 5 :: 360^ : 360^ 59' 8".33 ; 
_ 360^ _ 59' 8'^33 . 

•'• "^ ^ ' • iecPlg^l^ss " ' " 36o^ 59' 8".33-' • • ^^' 

360^ 59' 8". 33 . 59' 8". 33 
^ = ^- S&f = ^ + "li6^^-'" ^^^- 

By equation (l), any period^ expressed in sidereal time, may be 
reduced to mean, and the converse, by equation (2). 

Q^. Cor. These reductions may be facilitated, by calcu- 
lating the quantities to be added or subtracted for one day, one 
hour, and one minute. 

To reduce any time expressed in sidereal hours, minutes and 
seconds, to mean hours, &c. 

For each day subtract ggQO 59/ 8^\33 ^^^^ ^ ^' 55".9093, 

3' 55".9093 

hour — . . . . « 9 .8^96, 

24 



mmute — ^t — = . lo3o, 

■ 

second O" .00273. 

Similarly, any period, expressed in mean time, may be reduced 

5Q' 8''. 33 
to sidereal, by adding ^ * — . days, or 3' 5&\b55S for each 

day, 9".8568 for each hour, 0''.l643 for each minute, and 
0"fi27S for each second. 
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Ex. Express the ddereal interval 10*^ 8' 40"^ in mean time. 
The sidereal interval = 10^ 8' Wf. 
For lO** subtract 10 . (9''. 819) = l' 38''. 29, 

8' 8,((/'.l63) = l-'.30, 

4d' 40 . (O". 0027) = O". 10. 



Therefore the interval in mean time = \Cf^ Y O". 1 . 

98. Cor. A sidereal day = 24** -- (3' 55". 9093) = 23'* 56' 4" 
mean time ; and a mean solar day = 24^ 3' 5&' sidereal time : 
a clock which marks either may be regulated to the other by a 
proper adjustment of the pendulum. 

QQ. Given the sidereal time of any phenomenon, under a 
given meridian, to find the corresponding mean solar time, and 
conversely. 

Let j1M<x> (fig. 18.) be the equator, M the place of the 
mean Sun^ A of the meridian, y the first point of Aries, 
a the mean Sun's right ascension at the preceding mean noon, or 
when M was at A^ b die increase in 24 mean solar hours ; and 
let Aff , Mf , a and b be all reduced to time ; 

.-. b = ^^' ^ ;^^ . 24^ = 3' 56".55. 
16^ 

~]Uet m be the mean time, 

s sidereal • • . . ; 

.\ s^Af =Ji"«Y> +AJIi"= Ji"«Y> +m. 
But M^ =a + the increase of M*8 right ascension in the time 

, - • 

m 
from A to M, (or in the time m) = a + b.—; 

b 

.-. s =a+m + ^••n (0; 
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,24 — ^ b 



/. m = a — a . ' ^ . . = 5 — a-a — a. ^. , , . . • (2). 

£4+6 24+0 

Ex. Given the sidereal time = 5^ 57' 56", to find the mean 
time« supposing the mean Sun's right ascension when on the 
meridian = 1** 17' 6'', 

5 = 5^^ 47' 5&\ 

a = lM7'6^ 
.% 5-a= 4^ 30' 50". 

For 4^ subtract 39". S, 

so' 4".9, 

50" O'M, 



44".3, 






4^ 30' 50 



4^ 30' 5" . 7. » the mean time. 

100. Cor. 1. To find the mean time of a star's transit. 

Since the star is then on the meridian^ 5 a the star's right 
ascension in time = a ; 



24+6' 
which is the mean time of the star's transit. 

101 • Cor. 2. To find the mean time of a planet's transit. 

Let A (fig. 18.) be the planet on the meridian, P the right 
ascension at the preceding mean noon, e the increment of right 
ascension in 24 mean hours, both expressed in time. 

Then A^ ^P + increment of P in the time m. 



(^ 



24 



and My^sza +ft. — ; 

24 



therefore^ subtractings 



m 



AM or m = P — a+e — A. — ; 

24 

(P~fl),2 4 
24 -e + * 

24-e + 6 
If the bodj^'s motion is retrograde^ e is negative. 

102. Tojind the hour angle described by a planet in a given 
interval of mean solar time. 

Let b^ (59' S".S3) be the mean Sun's motion in JEl in 24 hours^ 
n^ • . : planet's 

TheUy if the planet and Sun be together on the same iperidian, 
when the Sun is next on the meridian^ the planet will be at a 
distance n^ — b^j or, instead of having separated from the meddian 
by 360® will have separated only by 360® — n® + b\ in 24 mean 
solar hours ; ther^ore, if T be the time corresponding to an 
hour angle JP, 

r : 24 :: P : 360®-w<^+i% 

.-. P = — .(S60^-n® + A»). 
24 

103. CoR. 1. r=---r5 . -» ' 24** in mean solar hours'* 

360 -fi +ft 
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104. Cob. 2. The time bet'n'eeD two successive transits of 
a planet 

360" 



360" - m" + 6' 



.24*'. 



To determine the time by observation. 

105. 1st method. By observing the time of transit of the 
Sun, or a known star. 

If the Sun be the body observed, the time of transit will be 
the apparent noon, and the equation of time being added, will 
give the corresponding mean time. If a star be the body ob- 
served^ its right ascension converted into time, will be the sidereal 
time from whence the mean time may be found. 

106. 2d method. By an observed altitude of the Sun. 

Let z be the Sun's zenith distance = 90^ — the observed 
altitude, 

A the north polar distance,. 

h the hour angle, 

e the co-'latittide. 

l%«n in the triangle PZS, (fig. 10.) 
.;« I A _ \ / sip i (g + A-c) . sinj .(z + c-A) 

sm 2 -*'* = V : : — T— ^ -9 

sin c . sm A 

h 
whence h, and therefore — , the apparent timie, may be found. 

If z be' the zenith distance^ and A the north polar distance of 

a + A 
a star, whose right ascension is a, ' : "" is the sidereal time; + 

15 

•r — according as the star is west br 6ast of the meridiaiw 
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107. Given a. small tmor m thi ob$0rped altitueUr tq Jkid 
the corresponding error in the time computed from it. 

RetaiDiiig the same notation ; 

, cos z — cos c . cos A ' 
since eos h = 

•% sin h.dh^ 





sin 


• sin A 




sin z 




.it 


sin c . sin 


A 




sin A 




dz. 


sui 


c . sin 


J' 




dz 







A being the azimuth ; 

.\ dh ^ —. . J - 
sm c sm ii 

Now when the errors are very small, dh and dz are the corre- 
sponding errors of the hour angle and zenith distance ; 

therefore the error in time =— -5.-: : — - . error in altitude. 

16^ smc. sm A 

Cor. Hence, the errpr in time, from a given error ip alti^ 
tude, is less the greater sin A is, or the nearer the body is to the 
prime vertical, at the instant of observation. 

108. In order to avoid instrumental errors, it is usual, in 
taking altitudes with multiplication circles, to take several at 
equal very short intervals, and to consider the mean altitude, or 
mean zenith distance as corresponding to the mean of the times 
of observation. This supposes the change of altitude to vary- 
as the time, which is not exactly the case. 

Let t be the time, in degrees, corresponding to the zenith dist. z. 



t' 



z , 






6S 

llien^ smce / = ^ + (/-a:), and |-.(z' + ;?)=* z + |'. (2' — ;2j); 



djK dz 1.2 



••• ^' = ^+~'(g'-^>+T4'- , ! +&C. .. (1), 






* =*+ — • — r~ +"r«- — ;: h&c. .. (2); 



therefore dividing (1) by 2, and subtracting it frdm (2), 
^ =i.(f + f) — — .— — — , nearly. 

But from (1) z — z = (^ — -^ > nearly; 

// , ,v (^'-0'' dz* d'f 

8 df* dz* 

But if h be the hour angle in degrees^ 

, dh 

dt^^dh^ which = -: 77, 

' sin l" 

when h and dh are expressed in parts of radius ; 

.-. *"^|. (* + *') -^-^.sinl".^. 

where h is expressed in parts of radius. 

But cos z =s cos / . cos S • cos A + sin Z • sin 8 ; 
d z cos / . cos o . sin A 

• .i._ as , s » 

dh sin z 

d*A cos I . cos S , . . dh . , v 

. (sin z . cos A .-r sin h, cos z) 



• • 



dh' sin' z ^ dz 



'6S 

Cos l\ COS & /sin z * cos A • siu d; 



(sin z 4 cos h . siu d; , ' \ 
p — ^ . ., - sin A.C08 5P 1 
cos / . cos o . sin n / 



= cot h — 



sin* z Vcos I • cos 5 . sin h 

m 

sin k • cos 2 • cos I .cos 2 



sin* z 



waid calling this quantity — M, 

Let therefore jS be the sum of the zenith distances^ T of 
the times^ n the number of observations, 6 the interval be- 
tween the first and last^ ff between the second and last but one^ 
and so on; then, the time t^ corresponding to the zenith diaU 

Z 
tance — , 

= — ^ — . (d* + 0'* + &c.) . sin l\ M, 
2n Bn • 

dt 
When the body is on the prime vertical^ — is a minimum^ 

dz 

d^t ". 

and therefore rr^ =0. Hence^ when the observations are 

dz 

made very near the prime vertical, 

- Z. 

109. 3d. method. By equal or corresponding altitudes of 
the Sun or a known star, taken before and after culmination. 

Let the star be observed at equal altitudes on each side of 
the meridian^ then, since the declination is invariable^ the cor- 
responding hour angles are equal, and the time by the clock, 
of the star's transit = half the sum of the times of observation ; if 
this time be compared with the known sidereal time of the starts 
transit (Art. 100»), the deviation of the time marked by the clock, 
from sidereal time, at the instant of culmination is obtained* 

The time, by the clock, of the star's culmination, will be' 
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Uss liable to be vki^ted b^ errors of observation^ if several pairs 
of observations are made^ at equal altitudes,, on each side of the 
meridian^ and if the sum of all the times, divided by twice the 
number of observations, be taken- for the time of the star's 
transit. 

110, If the deviation of the dock from ^ sidereal time bo 
found after one or ni'ore days^ the rate^ or daily gain of the 
clock over sidereal time i;s ascertained. If the clock gain e 

iri 24 sidereal hours^ in r* the gain is — . e", and if «»* be the 

interval by the dock, eorresponding to an* inlierval of t sidiere^ 
baiira^ 

24 ' 

- ^^^ «. B640Q 

24^ + e" 86400 + e 

If the clock loses with respect to sidereal time, e is negative. 

Cor. Hence, if k^ be the hour angle described in t^ by tlte 
clock, 

8§400+e ' 

86400 + e h 

and T =3= — ^— . — . 

86400 15 

In exactly the same manner, as in the last t^vo Articles, the 
deviation of a clock from mean or apparent time may be as-^ 
certained, and the mean or apparent interval corresponding to 
any interval by the clock. 

.111. When equal altitudes of the Sun are taken before and 
after noon, the time of transit is liot exactly the semi-sum of 
the times of observation, on account of the Sun's change of 
declination. To correct for this, let h and H be the hour ang^es^ 
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i liod ^ the ilecliiNitioBs of the Sim, corresponding to khe 
common zenith distance z ; 

•*• CQ8 z s= cos / . cos S . CQ8 A rf sin I • Sin S. 



Then^ since z and / remain the same whilst A and ^ change^ 
differentiating with respect to these quantities alone^ we have 

= (sin / cos 5 — cos I cos A sin S) dS — cos / . cos 3 . sin A . JA, 

bfit d^ and dA&ctbe cotemporary increments H --h and ^ — J 
respectively ; 

_, _ tan /—cos A. tan S "«^ ». 

.*. A — As= : — r— . (o — d); 

sm A 

, A' — A _^ tan 7 —cos A tan 5 -5' — 5 

and subtracting this ^uaiitity^ which is -expressed in parts of an 
hour, from the semi-sum of the times of observation, the 
time by the clock of the Sun's transit is obtained, supposing the 
clock to be adjusted to apparent time. 

If the interval^ by the clock, between the preceding and suc- 
ceeding noons, is 24^ + 6% ^nd not 24% the correction is 

1 8640Q.+ e A' — A 
2' 86400 15 

1 86400 + e tan / -- cos A . tan £ 5^ — 5 
"" i ' 86460 ' «in ft * 15 * 

which must be subtracted -froth tlie senii-sum of the times of 
observation^ as before. 

112. 4th method. Prdm two altitudes of the Sun, or of 
a known star, and the time bettveefi* 

This method, whkh is ^sulopted conly iwben Olie latitude is 
lii^known^ 'htfs ^b^en alrc$ady investigated in Art. 50, vivhere the 
Uttitude and hour tingle were foundifrom two <allitiides,'affid;the 
time between; having ^ found the Ihour angle, the ^apparent, time 
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tt'icnown, if the Sun be the body observed^ and the sidereal 
time^ if the body observed be a known star. 

113. When the latitude and time are determined from two 
altitudes and the time between, to find the errors caused by 
^iven- small errors in the observed altitudes. 

Let P (fig. ig.) be the pole^ Z the zenith, S the Sun at the 
first observation^ Z' and S' the places of Z and S determined 
from the erroneous altitudes ; then since the Sun's declination 
is supposed to be known without error, PS = PS', and SS^ is 
a parallel of declination. Let dl^ dz, dz% dh, dh\ be the 
cotemporary .errors of /, %^ z\ h and A^, where, since the interval 
h' — h between the observations is supposed known correctly, 
dhf=dh, then drawing Zm, Sn, perpendiculars to Z^S\ and 
making ZZ'S the south azimuth of S = a, we have 

i . dz^ZS-^Z'S'^Zm + Sn, 

= dl , cos a + SS^ .COS S^Sn, 

but SS' . cos S'Sn = sin PS . dh . sin ZSP 

:=dh.smPZ.smPZS 
= dh . cos / • sin a ; ' 

.*. dz = dl cos a +dk. cosl,s\n a. 

Similarly, if a be the azimuth at the second observation, 

dz =^ dl cos a -\'dh* cos Ism a \ 
dz sin a — dz* sin a 



.-. d/ = 



dh^ 



sm {a —a) 

dz cos a—dz cos a 
cos I. sin (a --a) 



Hence, in determining the latitude and time from two altitudes 
aiid the time between, a-^a ought to be as near 90^ as possible^ 
so that if the onre observation is made near the prime vertical^ 
the olher nyiist be mai^e near the meridi^^ , j 
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114. The four metliods which have been described are 
those most frequently adopted in finding the time by observa- 
tion ; the three last may be applied generally^ by sea or land^ 
but the firsts in which a transit instrument is required, can only 
be made use of in a fixed Observatory. There is a great va- 
riety of other ways in which the time may be found from 
observations; and as the investigation in general is attended 
with no difficulty, it will be sufficient here to give two of them, 
which can be most frequently applied. 

115. To find the time from observing when two known 
stars have the same altitude, the altitude itself being unknown* 

Let a, a* be the right ascensions of the two stars^ ^, V their 
declinations, A, K the hour angles, % the^ common zenith dis- 
tance, and / the latitude of the place. 

Then, if the stars are observed at the same instant, 

if they are observed after an interval of t sidereal hours^ 

U-h^a^a^ldU (Art. 52.)* 

If this quantity =5 a, h\'=^h'\r a, and we have 

cos z xz cos / . cos d « cos A-f-sin / . sin B,. 

cos ;? = cos / . cos 5' . cos (A + o) + sin / . sin 5' 

s= cos / . cos y • cos a . cos ^ -* cos I . cos S^ sin a sin A + sin ^ . sin ^; 

therefore^ subtracting 

= cos / . (cos ^ cos a — cos 5) cos A 

— cos / . cos ^ sin a sin A + sin / . (sin Si — sin S); 

therefore, 

(cos 5* coso— cos S) . cos A — cos 3' . sin o • sin A = tan / . (sin 5— sin 5'), 

K 
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Let be determined from thh expression 

, cos S^ . cos a — cos 5 

cot0= ■ ^f . : 5 

' cos o siQ a 

/. cos i' . sin a . (cot cos h — sin A) = tan /• (sin S — sin e) ; 

.'. cos ^.sina. r^^ — =^2 tan /• sini(S— ^)».cosi-.(S+5'); 

sm f> : 

/. cos(A + A)= ^''°^:.^^"^ 8in^(g-^y)>cosl,(g+y), 
' cos o . sm a ^ 

from which A^ and therefore the time may be obtained. 

116.. To find the time when two known stars are on the 
same vertical. 

Let Z (fig. 2a) be the zenith^ P the pole^ S and 5^ the two 
stars in the vertical ZS', draw Pp perpendicular to ZS^ and 
let S and ^ be the declinations of the stars^ a and a' their right 
ascensions, and h the hour angle ZPS-^ then SPS'=sa -^a, 
and if /SJ?p==0, S^Pp=^a''^d— <P; therefore, applying Na^ 
pier^s rules to the triangles SPp^ S^Pj?, 

cos ^ 35 tan d • tan Pjp* » • (IX 

cos (a — a-^^p) artan jS'. tan Pp («);. 

cos(a'^ — a-^^) — cos^_^ tan^' — tan& 
''.cos(a— fl — 0) + cos^ tan^' + tanS' 

Or, tan | .(q^-^a). tan | ,(20- a +fl)=^ ^!^ (g + h ^ 

» /^ ^ / . V sin (S*^— 5) , , - 

.-. tan J . (2 - a +a) = ^.^ 'y ^ . cot f (a —a),. 

which determines 0. 

it^plin^ in th^ right-angled triangle ZPp, 
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cos (h'\'Kf>) sststn I. inn Pp 

= tan / . cos • cot S from (1)^ 

from which h and therefoi'e the time of the observation may 
be found. 

The instant wh^n the stars are in the same vertical may be 
easily ascertained by suspending a plumb-line, s^nd observing 
when they both cross the line at the same time. The pole star 
ought to be one of the stars chosen for this observation^ be- 
cause^ on account of the small north polar distance^ a star which 
is in the same vertical with the pole star must be near the 
meridian^ and, as its motion is then nearly horizontal^ the time 
when it crosses the vertical line can be noted more exactly. 

^17* Cob. 1. If 2f be the azimuth of the j^ertical plane in 
which the stars are together, 

sin / =jqot . cot?(A + 0); 

/. cot j8 «= sin / . tan (A + 0). 

CoR* 2. If S and iS' be two positions of the same cir* 
cumpolar star^ observed after an interval of 9,t sidereal hours; 
SPS'=s 15*. 2 ^; .•. 0a* 15^. ^, and the equation for determining 
may be dispensed with. In this case^ the vertical plane may 
be formed by suspending two plumb-lines. 

118. By whatever method the time^ whether mean or si- 
dereal, is found, if it be compared with that shewn by the clock^ 
the quantity by which the clock is fast or slow with respect to 
mean or sidereal time, may be ascertained, and also . the daily 
gain, as in Art. 110. 

"^The rate of a common watch may be easily found by ob- 
serving with it the instant of disappearance of a bright star 
behind a building, or any other fixed object. This takes place 
always at the same point, after an interval of ^** 5tf 4-, or 
df b&' earlier every night, by a watch regulated to mean time; 
therefore, by observing on different nights die times of disAfi- 
pearing of sieveral bright stars, the watches raite nay be asoeflajttfld 
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and corrected. This method is . available wher^ there is no 
telescope^ the only precaution required being for the eye of the 
observer to be placed as near as possible in the same place, 
i|nd to select stars which have small declinations^ in order that 
the time of their disappearance may be noted more readily. 

Def. The Tropical Year is the time between the Sun's 
leaving and returning to the first point of Aries. 

119. To find the length of the tropical year. 

If the Sun be on any meridian when in ^ at the beginning 
of the year^ after 365 transits it will not have reached ^ , and 
after 366 will have passed it; therefore the tropical year 
consists of something more than 365^. The length may be 
found most accurately by comparing observations made at dis- 
tant periods. The Sun's right ascension can be found from 
his observed declination^ and by comparing the right ascension 
when the Sun was near ^ with observations made 36525 days^ 
or nearly 100 years before, Delambre found the Sun's motion 
in right ascension in that time to be 100 • 360^ 45' 45^. In 
one year the Sun separates from <r by 360^, 

.•. 100 . 360® 45' 45" : 360^ :: 36525* : 365* 5** 48' 5l". 6, 
the length of a tropical year. 

120. The year thus found is the mean tropical year^ as, on 
account of irregularities in the motion of the Sun and of <>c t the 
tropical years differ a little from each other. The tropical year 
at any time may be obtained by finding A^y the increase of the 
Sun's right ascension in 365 days, from the proportion. 

A"^ : 360^ :: 365* : length of the tropical year. 

121. The correct value of the mean tropical year is 365*. 
242264. This length is not convenient for civil purposes, for 
which it is requisite that the year should consist of an exact 
number of days; to insure which, and at the same time to niake 
the Sun, on whose declination the seasons depend, be near the 
vernal equinox at the commencement of the civil year, Julius 
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Caesar made every 4th year to consist of 366^, and other years of 
865^. This supposes 4 tropical years to contain 4.365 + 1 
days^ or one year to consist of 365' . 25, which exceeds the true 
value by 0*.(X)7736, so that in 1000 years the civil year would begin 
more than 7^ after the Sun had passed the equinox. To cor- 
rect this accumulating error^ Pope Gregory made common years 
to consist of 365^, and intercalated one day every fourth year 
as before^ but omitted the intercalation in those centuries which 
are not divisible by 4, or only intercalated 97^ in 400^ instead 
of 100% as in the Julian correction* This supposes the length 

97 . . * 

of one year to be 365* H =365.^25, which is too great 

by .0002369 but the error does not amount to a day in 4506' • 

If the Gregorian intercalation of 97* in 400^, or 970* in 
4000^ be omitted every 4000*^ year, the civil year would be 

d 969 
365 -1 =365.242250, and it would require more than 

70000 years to make the beginning of the civil and tropical 
year be a day apart. 

The Gregorian intercalation is adopted in most Christian 
countries, and is made on the 29^^ of February, which has 28* 
in common years, and 29^ in leap years. 

Definition. A Sidereal Year is the time between the 
Sun's leaving and returning to the same position in the heavens. 

122. To find the length of a sidereal year. 

Since Aries moves with a slow annual motion of 50". 1 to 
meet the Sun, the sidereal is greater than the tropical year, by 
the time the Sun takes to move over this space ; 

.-. a sidereal year : 365* 5^ 48' 51". 6 :: 360^ : 360°-50''. 1; 
.-.a sidereal year = 365* 6^ 9' ll".5. 

Def. The Sun, as will be shewn hereafter^ appears to de- 
scribe an ellipse round the Earth, in which the point where it 
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is nearest to the Earth is called the Perigee, and the poini: 
where it is most distant, the Apogee. The interval between 
two successive passages of the Sun through the apogee, is called 
an Anomalistic Year. 

123. To find the length of an anomalistic year. 

The apogee is not fixed, but moves through 1 1". 8 in the 
direction of the Sun's motion in the course of a year ; there* 
fore, the anonfalistic year is longer than the sidereal, by th« 
time which the Sqn takes to move over this space ; 

\\ the anomalistic year : 365^ 6^ 9' lV\5 :: 360^ u'\S : 360®; 
/• the anomalistic year = 365^ 6^ 13' 58". 8. 
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CHAP. VII. 

ON THE TIMES OF RISING AND SETTING OF THE 

HEAVENLY BODIES. 

124. Tojind the length of the day at any place. 

Let Z (€fg. 10.) be the 2eiiithy P the pole; S the Sun at 
rising ; then, ZS = 90^^ and ZPS is the hour angle from sua^ 
rise to mid -day. It is evident that the spherical triangle formed 
by Py Z and S at sun-set, on this side of the meridian^ will be 
the same as PZS, if PS be constant ; therefore^, if £ ^ be the 
length of the day in solar hours^ 

^;ps=l5^^ 

Let I he the latitude = 90^ — P2^, 

S the Sun's declination = 90 — PS; 

o cos 90® — sin / . sin S ^ 

/. cos 15 . ^ = ; s = — tan / . tan o. 

cos / . cos o 

Cor. Hence^ if 2 r be the duration of the night in sohir 
iiours^ since 2t = 24 — 2^, ' 

cos 1 5° . (12 — t) = — tan /. tan 5, 

<- . - . .' ... 

or cosl5°.T= tah/.tanS. 

125. If PS be not constant, the hour angles for the morn- 
ing and evening are unequal^ and therefore the ^imes ; hence^ 
if t be the length of the morning and t' of thi^ evWhin^, ^^^flid! 
Sun*s declination at sun-rise, and (S-|-A) at sun-set, where .21 
is very small^ 
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COS 15 f = — tan / . tan 3, 

cos ]5fss ~ tan /. tan (S + A) 

= — tan Z . tan S — tan /. sec* S • A, nearly 
= cos 15^ — tan I . sec* 5 . A, 

Therefore, if A be positive, or the declination increases, the 
evenings are longer than the mornings, if A be negative, they 
are shorter, and at the solstices, when A=0, the mornings and 
evenings are equal. 

126. To compare the lengths of the day at different time& 
of the year. 

Suppose the observer in north latitude, and 2^ as before 
the length of the day ; therefore, 

cos 15*^. ^ = — tati / . tan S. 

When 8=iO, cos (15^. = 0; /. 2f=12^ 

or the days and the nights are equal in all latitudes ; as S in- 
creases, cos 15^ t increases, till the Sun reaches his greatest 
north declination 23^ . £8', at the time of the summer solstice^ 
when the equation 

cos 15° . f = - tan / , tan 23° . 28' 

determines the duration of the longest day. As S decreases from 
23? 28', t diminishes, and when the Sun again crosses the equator 
in Libra, at which time S = 0, the days are again 12^ long all 
over the world. 

After passing the equator S is negative, and the equation 
becomes 

cos 15^^ = tan / . tan S; 

therefore^ as S increases t diminishes, and when 8 = 23° 28, thi^ 
equation 

cos 15 ^ = tan Z . tan 23'' 28', 
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determines the length of the' shortest ck'y. As the Sun moves 
from the winter solstice to the vernal equinox, S diminishes 
,from 23® 28' to 0, and the days increase in lengthy till al the 
vernal equinox the day again is 12 hours long. 

If the Sun's declination = the co^latitude of the place of 
observation, , , 

.r. . . cos 15(= — tan /-* tan Ss= — : 1 ; 

therefore^ the day is 24 long, and the Sun does not set during 
the day. 

Hence, in latitude 66^ 32' the Sun does not set for 24\ when 
at his greatest north declination 23^ 28 , and in the higher lati- 
^tudes the Sun will not ^et from the time when his declination 
= the co-latitude, till it again becomes equal to the same quan- 
tity after passing through its maximum 23^ 28^ 

In the same way it may be shewn that the. Sun does not rise 
in latitude 66® 32' for 24^ at the time of the winter solstice, and 
continues beneath the horizon when south of the equator, at all 
higher, latitudes, for the same time he was above the horizon 
when in north declination. 

The preceding observations/ applied to places in the southern 
hemisphere^ shew that the length of the day there increases with 
the Sun's southern^ and diminishes 'with his northern, declination, 
in such a manner that the length of the day at any time, at a 
place in north latitu4e, =the length of the night in thie same 
latitude south. ;..,./ 

The small circles of the sphere, 23® 28' distant from th^ 
north and south poles^ are called the Arctic and Antarctic 
circles. 

Def. a star is said to rise Heliacally when the Sun is suffix 
ciently below the horizoil to admit of the stars being seen at 
rising. This > ()ep|end^ on ^e magnitude of the ^tar^xthe <l}Mr- 
ness of the atmQsphereji and other circumstances,, .bmt ioLgen^^rfil 
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for stafft of ibe first mgnitiide, the distance of the Sun below 
thft horiaon lies between 10^ and 12^. 

A star rises cosfnicatly, which rises at the same time with th« 
Sun. 

12J. To find when n given stur rises heUacally. 

Let <Y> S (fig. 21.) be the ecliptic^ t Q the equator, Rs the 
horizon of the place of observation ; therefore ^ Qs = the co- 
latitnde ; let « be a star rising heliacally, f Tf Tsf its right 
ascension and declination, and S the Sun 10* below tlie horizon. 
Then, in the triangle TsQ, 

si» 7Qs:^tan latitude x tan star's declination^ 

which determines TQ ; /. t Q ss^ the star's right ascension jt T^ 
k known. 

Hence^ in triangle Y QO, we know 

raOsgc/^ + i^QY 0»ai, and ^Q; 

therefore YO and QO may be found firom the equations 

^ cos^.(Q+v) 

Ian I . (r 0-QO) « ^F^lp^. tan f . rO, 

CQSf.(Q+Y) 

sin ^ Ct , 
Hence, sin O =i sin Q . -: — < — -rr is known ; but from the right" 

sm *r> tl ^ 

angled triangle SOR^ sin 10^ = sin SO . sin O, which detemiines 
SO ; and hence we know t S^tO + OS = the Sun's longi- 
tude^ from whence;^ as will be shewn^ the time of the year may 
be found. 

128. If « be a star rising eosmically, O is the place of the 
Shin, and tO, the Sun's longitude, may be found as before. 

199» A <great variety of problems relating to azimuths^ altl-* 
imiiBB,, kc. may be solved by means of the triangle PZS, in 
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vfkidh ^ is llie •pole of die eq<Hilor» Z Ihe lenitb) wa4 S a 
heav^y h&Ay ; if in diis tmngle me call 

ZP the co-latitudie=<;, or 90^-4 

P5 . . €o-decliqalipn of £«= A5 or 90^ -^^> 

2^5^ • • zenith distance of S^z^ 

ZPS . • hour angle =s h, and I'JZS the azimuth =: A, 

then any three of the quantities I, S, z, h, A being given^ the 
other two may be fenikl by the common rules of Trigonometry. 

ISO. Ex. 1. 1*0 find the azimuth of a heavenly body from 
its given declination €md zenUk di^nc€ at a gioin place. 

Here we Jbiive.P^^ PS^ ^S jSivea^ l^nd PZ$ retired ; 

. - . sin S — sin / cos z 

therefore cos ji .t^ .:> * ." ._^.../j , 

cos I sm jr. 

or, in a form adapted to logarithmic computation 

COS / • 910 Z 

131. JSx. 2. To^/ic{ ,Me £[un's a2;M^tiM ,0^ ri>M^. 

iiepe :2;afe90^; 

1. r . sinS 

therefore cos ^ = -. . 

cos/ 

132. Ex. 3. To Jind the. Sun's azimuth^ when ids deM^ 
nation^ and the .time of day are giveft. 

/ Here JPZ, PS^ ZPS eie ipven to #nd PZS\ therefore ^ 
being a subsidiary angle determined by the equation ten^n* 
coa^ h . cot i, 

COB (ib+l) .cot h 
cot 4 = ^ . . . 
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. 133* If the azimuth^ determined by either of the three last 
arliclies^ b& compared with that pointed out by the. comp|[ss, .we 
obtain the variation of the compass^ or the deflection of the 
magnetic meridian from the true meridian. 

134. Ex. 4. To Jind when the Sun is due east on a giveti 
day. 

Here ZS is the prime vertical^ and PZS is a jight angle ; 

therefore cos h = cot / . tan S. 

If z be the corresponding zenith distance, 

sin S = sin / . co« z, 

therefore cos 2: = sin ^ . cosec /. 

135. Ex. 5. To Jind the Sun's zenith distance at six 
o'clock. 

Here ZPS =^90^; 
therefore cos 2: = sin / . sin S. 

136. If a star S (fig. 22.) be nearer to the pole than the ob- 
server's zenith 2^^ its. circle of diurnal motion will pas^ between Z 
and P ; therefore PZS the azimuth, will increase till the vertical 
circle ZS touches the parallel Ss described by the star^ and 
afterwards diminish. There will in the same manner be another 
maximum azimuth on the other side the meridian^ and at each 
of these times the star will seem to move in the vertical circle 
ZS. 

Cor. Between the tropics, the Sun's azimuth admits of a 
maximum twice a day. 

137- To Jind the hour angle when a star's motion is ver- 
tical, the declination of which is greater than the latitude of 
the observer. »..;:. 

Here ZSP = 9Gf; 
therefore cos h = tan A . cot c = cot o . tan I. 
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138. To find the azimuth of fi terrestrial object. 

m 

Let S (fig. 23.) be. the Sun, 5' the object, observe the zenith 
distances ZS {z\ ZS' (z) of the Sun and object, and llie arc SS {d) 
which their distance subtends at th^ observer, then 



sin i {SZS' 



. _ ^ / sin I . (d + 3? — g') . sin | . {d+z — z) 

) — V ~ ' ' ' 



sin z ,sm z 



and adding SZS^j to the Sun's azimuth the azimuth of ^ is 
determined. . . . ., • / - 
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CHAP. VIII. 



ON BEFRACTIC 



139. In order to explain more simply the phsenomena of 
the heavenSj it has been taken for granted in the preceding 
Chapters, — that the heavenly bodies are seen in ihe direction of 
lines drawn to them from the eye of the spectator ; — tiiat on 
account of their great distance, it makes no difference whether 
they are referred to planesj passing through the place of ob- 
servation, or to parallel planes drawn through the center of the 
Earth, or that their altitudes, latitudes, &:c. would be the same 
upon either supposition ; and — that the axis round which the 
diurnal motion is performed, always passes through the same 
points of the celestial sphere. None of these assumptions are 
exactly true, therefore the altitudes, latitudes, 8tc., calculated 
upon the supposition of their truth, must be increased by certain 
quantities which are called corrections. 

The most important corrections are those of Refraction, 
Aberration, Parallax, Precession, and Nutation, the first of 
which will be considered herej and the remainder in the suc- 
ceeding Chapters. 

140. The atmosphere which surrounds the Earth ou all 
sides may be considered made up of spherical lamina, concentric 
with the Earth's surface, and diminishing rapidly in density as 
their distance from the Earth increases. The vertical plane 
passing through a heavenly body cuts these laminae perpen- 
dicularly ; therefore, the rays of light which proceed from the 
body, and are refracted by the atmosphere according to the 
common laws of Optics, are bent continually a in vertical plane, 
so as to describe curves concave towards the surface of the 
Earth, As the heavenly bodies are seen in the direction 
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which the rajs of lig^i proceeding bom then eater lb« egfje ol 
the observer, or in the direction of a taQgent to the extremity of 
the curve described by the ray, therefore, they appear elevated 
above their true places. The difference between the true and 
observed altitudes, or zenith distances, is called the correction 
of refraction, which it is the design of this Chapter to calculate. 
The rays which proceed from a star in the zenith suffer no 
refraction; for inferior altitudes, the refraction increases as the 
altitude diminishes, and attains its maximum (about S3^) when 
the star is seen in the horizon. On account of the refraction 
taking place wholly in a vertical plane, the azimuth of a heavenly 
body is not affected by it. 

141* By the principks of Optics, if ^ be the angle of inci«« 
4e«ce out of one «ie4ium into another, r the refractiout and, ther^^ 
fore^ ^+^ the an^le of emergence, sin (0 + r)ssm , sin 0, n^ 
Mog a constant depending op the difference of densities pf the 
media» wi deteriQiued by experiment. In media of uniform 
density, the refraction may be calculated immediately from thi^ 
expression, paying attention to the form of the bounding surface, 
but the calculation of the refraction fbr the medium which sur- 
rounds the Earth, is rendered more difficult by the density of the 
air, not only varying at different heights^ but also changing at 
the same place from alterations in the temperature and atmo- 
spheric pressure. 

The refraction at different teaperaturea and pressure^ may 
b# awide to depend on the refraction at the mean heights of the 
thermometer and barometer. 

149< Qioev^ the refraction for a known upparenf aUkude of ^ 
i^metdy Myy whm the barometer is^t 99*6 inei^Sy ami Fahr^" 
heit^s thermometer at M^, to find the refrf$ctioH at the sfime 
altitude for any other heights of the thermometer and barometer. 

The elastic force oif the air at a given temperature varies 
as its density, and if the density be given increases by 
•002083 (a) parts of the whole for each degree of temperature 
above 50^; therefore, if D be the density of the air, when the 
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thermometer is at 50 + t degrees^ the elasticity varies as 

D.(l +at). 

The elastic force of the air varies also as the weight of the 
mercury which it supports in the barometer^ which^ since 
mercury expands .000122 (/3) parts of its bulk at 5QP for each 
additional degree of temperature, varies as (1 —/^O •&> b being 
the height of the barometric column in inches at the time of 
observation j therefore, D. (l+aO varies as 6 .(I — /30^ and 

Doci-iL\ft. 

1 + a^ 

The refraction at a given apparent altitude of a star depends 
chiefly upon the density of the air at the place of observation, 

' and is found to vary as it; therefore, if R be the refraction 
for a given apparent altitude/ when the temperature is 50^,-atid 
the barometer 29.6 inches, and r the refraction for the same 

: altittide when the thermometer 19 50^ + 1^, and the barometer b 
inches ; 

r : R :: . ^ .b : 29.6; 
1 + a^ 

b 1-/3^T, 
29.6 1 + a^ 

143. The rays which proceed from a star near the zenith, 
< fall nearly perpendicularly on the strata of the atmosphere, and 
are refracted as they would be by media, bounded • by plane 
surfaces parallel to each other and to the horizon; therefore, 
; the refraction is the same as if the rays of light passed im- 
iiiediately into the last medium, and calling m the ratio of 
sin I : sm R out of a vacuum into the air at the Eartb^s 
surface, the equation of Art. 141. becomes 

sin (0 + r) = m sin 0, 

? or sin (p + cos (f>r ^m sin 0, nearly; 

.*. r = (w— l).tand); 

• •".■ .*,• . I.' .*".. ' 

^ is t{ie angle between the last direction of the ray, and a 
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perpendicular to the horizon^ or the apparent zenith distance 
of the star; therefore, for. stars near the zenith, 

the refraction oc tan zenith distance. 

144. Cob. It may be proved in the same manner, what* 
ever be the form of the common surface of two contiguous 
media, that the refraction of a ray which passes from one into 

the other =: m — 1 . tan emergence into the denser medium. 
The coefficient m — 1 is proved by experiment to vary as the 
difference of density of the two media ; therefore, if q be the 
density of the air at any distance from the Earth's center, or dq 
the difference of density of two contiguous strata, the refraction 
in passing from the one stratum into the other, 

s= Xcf^. tan emergence, ^ 

X being some constant. The quantity X is found by observation 
to be extremely small, compared with unity, so that its square 
may be neglected in any calculations without sensible erron 

Cassini supposed that the rays of light proceeding from a 
heavenly body, are refracted as they would be by an homo- 
geneous atmosphere of the density of air at the Earth's surface, 
and supporting the same mercurial column as that which the 
atmosphere sustains. 

145. To find the refraction^ considering the atmosphere 
homogeneous. 

Let SDZ (fig. 24.) be the course of a ray of light from a 
star Sf which falls upon the homogeneous spherical atmosphere 
DO at D, and is refracted in the direction DZ to a spectator 
on the Earth's surface at Z. 

Let DZO the apparent zenith distance of 5 = 2:, r = the re- 
fraction at Dy CZ the radius of the Earth =: a, ZO the height 
of the homogeneous atmosphere, =/} a, where n is very small, and 

nearly = .00125 ; therefore CD=s 1 +« . a. 

Then r = m-.l.tan CD2: (1), 

M 



( 
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CZ 1 

but sin CD5; 5= 777L.«n ;2;= r-j-- -sin z 

CD l+n 

= (1 — n) . sin z nearly, 
fieglecting n* ; 

- — ' ' '■ ■* 
= ii/co8* a; + 2 n sin* a; 



= cos ;2;.^/ 1+2». tan'a; 

= cos ;?: . (1 +n . tan* ;2;) ; 

■■ tan 2 

l+n tan z 

=:(m — 1) . (1 — n) . (tan J2 — n tan'^) 

=(wi— 1). {tan;?;— «.(tan2+tan*;z:)} 

=i:(m— l).(tan2: — » tan;?;, sec* 2;); 

or expressed in seconds^ 

(m — 1) , • V 

r = — : — 77- , (tan z-^ntsmz, sec z). 
sm 1 



When the barometer is 29*6 inches^ and the temperature 50% 
-: — 77 has been found by exact experiments =57".82; there- 
fore^ in general^ 

r =s - — - . — : . 57". 82 . (tan z— w tan z . sec* z). 

29.6 l + at 

The preceding method^ \^hich is taken with slight alterations 
from Dr. Brinkley's Astronomy, is more simple in it« demon- 
stration than any other, and gives results exact enough for all 
observations virhere the zenith distance does not exceed 80^« 
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The numerical value of the coeflScient given by Dr. Brinkley is 

b 1.0875,57^^82 

29.6 ■ 1 + .002083 . (f - 32) ' 

where t is the temperature in degrees, by Fahrenheit's ther- 
mometer* 

The following method of finding the refraction, from Littrow^ 
is independent of any hypothesis on the constitution of the at- 
mosphere, and leads to a differential equation, nearly agreeing 
with that of Laplace {Mec. CeL Vol. IV. p. 246.), the approxi- 
mate solution of which, if the coefficients are assumed properly^ 
coincides with the preceding. 

146. Let C (fig. 25.) be the center of the Earth, ilJB its 
surface, A the place of an observer whose zenith is Z, Apqr 
the curve described by a ray of light proceeding from a heavenly 
body^ AT a, tangent at its extremity, in the direction of which 
the body will be seen ; take qr, a very small arc ^hich may be 
considered as coinciding with its tangent qT, join Cq^ Cr, and 
draw qs perpendicular to Cr; then, if 9 = the density of the 
air at q, dp = the refraction at the same pointy p" being the 
whole refraction from A to q, and CqT the angle of emergence 
at y = z, . t 

dp=:iXdq ^t^nz ••••(I). 

Let CA^a, Bq^s^ JCq=^v; .*. qCr^dv^ and 

d[ps?rjp = Tgc-pjC=gCr+(}rC-pjC) 

= d[v + dZy 

_ qs dx .tan z 

but rfi; = -^ =s^ ; ; 

cq a+a? 

tan jzf 
. . \dq tamz^dp ^ dz+dx. — — ; 

dz ,^ , dx 



•• tmz^'^ "^ a + x' 



n 

/. log sin 2: = Xjr - log (a+J^) + corr. 
Let S and Z be the values of q and Z at -A, where x = ; 

/, log sin 5? = XS — log a + corr. 

=.log.e-^(^-^).-^; 

® a+x 

.-. sin;r=8ln«.C^^^^"^).-^; 

a + x 

but dp = \dg . tan z 
X sin 2; . {?9 



8 > 

sin z 



>>/ 1 - sii 
therefore^ substituting the value of sin z, 

^ , ^ — X . (S — o) - 
X.sm Z.e ' .aaq 



dp ^ 



x/(a-fx)^-8in*2.e-^^-(^^^\a*" 



This equation cannot be integrated in general unless some 
hypothesis be formed as to the relation between the density of 
the air and its distance from the Earthy but for zenith distances 
less than 80^, it may be solved in a rapidly converging series, 
since the greatest value of x, at which light is refracted^ is 
known to be very small compared with a*. 

In this case> neglecting the square and higher powers of X, 

X . sin 2^ dq 



dp = 



. / ^x ^ 



^ sin* Z 
a a 



* According to Vince, {Astronomy, Chap. VII.) the atmosphere 
does not act upon light at a greater altitude than 77*^^ miles. 



s/ 
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X . sin Zdq 

cos Z H h -s 

a or 
X tan jZ^dff 



^ cos* 2 V a a*/ 

= X . tan Zdq . "{ 1 — i-z,f , 

^ I a cos* 2;> 



(2) 



neglecting the square of - ; 

a 



the integrals being taken from ^ = to ;=s^^ and from the 
greatest value of :r to j: = 0. 

The integral of X tan JZ J^ between the limits = X tan <S . S^ 

of which the part 9 j: vanishes between the limits and the part 
fqdx = the atmospheric pressure of the weight of the mer- 
cury in the barometer^ neglecting the variation of gravity 
within the limits of x ; therefore^ if b be the height of the 
mercury, considering its density unity^ 

p = X5tan -S.il — -ST . — nJt • 
^ \ da cos'jZj 

The mean value of 5, if the density of mercury is 1 = , 

and the mean values of b and a are about 29.60 inches, and 

4000 miles respectively; therefore^ the mean value of s— 

oa 
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= •(X)12517» which may be used without sensible error for the 
coefficient of — ^-^ ; therefore substituting this value 

p = XS.{tan 2-0012517.tan;2.sec*2}, 

or^ if D be' the density of the air when the thermometer is at 
^, and the height of the barometer 29*6 inches, 

1 — i3f 
p = XD.— -^. {tan 2:— 0012517. tan 2;. sec* 2}, 
l+at 

where the coefficient X D must be determined by observation. 

If the expansion of equation (2), be carried on as far as ar% 
the refraction 

^ -. l-/3f ^f 0012517 . 2+8in*ri 
=z\D.- , .tmZ U-.- 2^;r-+ 00000139. =4- f • 

1 + 0^ I C08^ Z COS 2* J 

147. To determine the coefficient of refraction. 

Let z, /be the greatest and least observed zenith distance of 
the same circum polar star, r, r the refractions, and c the co- 
latitude of the place of observation ; then, if a be the required 
coefficient of refraction, which is the quantity designated in the 
last article by XD^ and said, in Art. 145. to equal 57'^82, r=:au, 
u representing in this equation a known function depending on 
the observed zenith distance, and the observed height of the 
thermometer and barometer, similarly, r=au, u being the 
corresponding function for the zenith distance /; 

/. 2c:=iZ + r + z+r\ 

= 3; + z' + a. (u+m')- 

If Zi, z'y uiy ui\ are corresponding values of z, z', u, u for 
another circumpolar star, 

.'. z + z^ + a»(u + u) = Zi + zi +a,(ui + ui); 



• • 
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U + tt — til — til 
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The numerical value of a determined by numerous observations/ 
is, as v^as before observed = 57 '^•82. 

148. Bradley made use of the solstitial meridian zenith 
distances of the Sun in determining the coefficient of observation. 
If s and s be these distances, r, r the refractions, w the obliquity^ 
and / the latitude of the place of observation^ 

.\ 2l=s + s+r+r\ 

or 180®-2c = 5+«'+a,((r+o-'), 
<r and </ being the known functions of s and s', 

but £c«e2 + /+ a .(fi + ti'); 

/• 180^ = 5 + *'+^ + z + a.(<r + <r'-^u -h u% 
180® — s-«' — 2: — / 



and a = 



<r + <r +M+t« 



149* Bradley calculated his refractions from the equation 
r = 57'' tan (z — Sr)^ determining / by the equation r = 57" 
tan z, and then r from the equation r = 5/' tan (z — 3/). 
He never gave any demonstration of his formula, and most 
probably obtained it by conjecture and trial. From Cassini's 
hypothesis^ (Art. 144.) an equation of the same form may be 
obtained. See Delambre, Chap. xiii. 

150. If the declination of any one star were known correctly, 
a table of refraction might be easily formed, by observing its 
altitude and azimuth at the same instant. From the time elapsed 
between the observation and the star's transit over the meridian. 
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the hour angle of the star may be foiind ; and from this hour 
angle^ the star's declination, and the observed azimuth, the true 
zenith distance of the star, at the instant of observation^ may be 
obtained : having thus found the true and the observed zenith 
distance, the corresponding refraction is known. In this manner 
the accuracy of any table of refraction may be ascertained. 

The refraction found by the preceding methods cannot be 
relied on, when the zenith distance is greater than 80^^ beyond 
this limit it does not depend solely on the state of the atmosphere 
at the place of observation, but sometimes when the zenith 
distance is near 90^^ varies at the same place on different days 
by 3^ or 4^^ whilst the temperature and barometric pressure re- 
main unaltered. 

151. The propositions of the preceding Chapters have 
been demonstrated without taking into consideration the re- 
fractive power of the atmosphere ; therefore the altitudes and 
zenith distances which enter into them, are not the results of 
direct observation, but are formed by correcting the observed 
altitudes and zenith distance for the error of refraction^ by tables 
calculated from formulae similar to those in this Chapter. 

Since refraction causes the heavenly bodies to appear elevated 
above their true places, it accelerates their rising, and retards 
their setting ; but, as the azimuth is not altered by it, the times 
of transit over the meridian are the same as if there were no 
refraction. 

152. To find how much the time of a starts rising is altered 
by refraction. 

Let h be the hour angle when the star really rises^ 

A' appears to rise, 

or when the zenith distance = 90^ + the horizontal refraction (r). 

_, _ cos 90^ — sin /.sin 5 sin / . sin S 

Then cos h = k * — ; — ^ ; 

cos / . cos o cos I . cos o 
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cos K = 



C08 (90 ?4-r) — sin / . sin 5 
cos / • cos o 



sin r + sin /;sin 2 
cos / • cos^ ' 



therefore cos h — cos K = 



sin r 



cos / • cos o ' 



smr 



or 2sin|(A'-A).sinl.(A' + A) = ., 

^ ^ cos / . cos o 

ft 

or, since hi .— A and r are very small^ 



(A' — h) . sin A 



cos I • cos 2 ' 



• A' — A = • '^ 

cos / . cos d . sin A ' 

but cos / . cos ^ • cos A = — sin I . sin 2 ; 

therefore cos' / . cos* 5 . sin* A = cos* / . cos* 5 — sin* / . sin* S 

= cos (/ + S) . cos (/— S) ; 
r 



.-. A'-A = 



^COS (/ + 5) . COS (/ — 5) 



from which the difference of times 



A'-A. 



15* 



is known. 



153. Cor. Let T and T' be the times in which a star in 
the equator is above and below the horizon^ then T— T' is the 
error in the times of rising and setting caused by refraction, for 
without refraction, T would equal T"; 



/. r-r' = 



1 



2r 



smce 



5=0; 



15«Vcos/' 
.-. r=a|.15^.(r-r)-c6s/. 
The mean value of r, found in this way, is 33'. 

154. CoK. 2. On account of the smallness of r^ the equa- 



tion A'— A = 



V cos (/+5) . cos (/— 5) 

N 



gives the acceleration in 
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the time of rising with sufficient accuracy^ h and hi may how- 
ever be determined exactly from the equations 

cos A' = — tan / . tan 5, 

cos A' = — sin r . sec / . sec 5 — tan I . tan 5, 

from whence h! — h may be found. 

From the effects of refraction increasing with the zenith dist- 
ance^ the lower limb of the Sun or Moon is more elevated than 
the upper one, in consequence of which the disks of these bodies 
appear oval instead of round. This effect is most sensible in 
the horizon^ where the variation of refraction is greatest. 

166. To find the alteration produced by refraction on any 
diameter of the Moon. 

The differences of refraction for the small extent of the lunar 
disk may be considered proportional to the differences of alti- 
tude ; therefore^ if the horizontal diameter of the Moon be taken 
for the axis of x^ the ordinates perpendicular to it will be 
diminished in proportion .to their length, and the circular disk 
will become an ellipse. 

Let A be the Moon's apparent horizontal diameter; and 
therefore A — r the vertical diameter, r being the difference of 
refraction for a difference of altitude A, then the equation of the 
ellipse is ^ 

If 2 JS be any diameter inclined at an angle a to the horizontal 
diameter, y^R sin a, and x= R cos a; 

.-. R^ sin* a = i . (A - r)'- ^^-^. JB« cos* a; 



^ A* sin* a + ( A — r)* cos* a 
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= /^g ^^ 8 > nearly, 

= A. {l — — sin*a}. 

A 

But if S (fig. £6.) be the true horizontal diameter LM of the 
Moon, the extremities of which L and M are raised by refraction 
to / and m in the verticals ZL, ZMy Im = A. Draw ZO 
bisecting Lllf and Zm, and let Zo^z, then Oo^ri 

.'. 5 : A :: sin (af+r) : sin z 

:: 1+rcotaf : 1, nearly, 

but since r oc tan z nearly, r cot z is constant, let it equal c ; 

5 



.-. A = 



1+c 



5 r 

.-. 2JB = — — . {l - -s .(1+c). sin* a} 
1+c c 

= 5.(1 — c).{l — J sin* a}, 
neglecting c^ and re. 

156. After sun-set, or before sun-rise, many of the Spin's 
rays enter the atmosphere, and are reflected by it to the Earth in 
an irregular manner, which causes the pale light called Twilight. 
The effect continues as long as the Sun is not more than a 
certain distance beneath the horizon, which varies in diff(&rent 
latitudes from 16^ to 20^, and may be taken at the mean, value 
18®, as the beginning and end of twilight cannot be obs6rted 
with much accuracy. 

157* The duration of twilight may be found, as the accele- 
ration of a star's rising by refraction was in Art. 152. If h 
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and h' be the hour angles corresponding to the beginning and 
end of twilight^ and / and £ as before^ 

cos A = — tan / . tan 5, 

cos A' =s — sin 18° . sec / . sec 5 — tan / . tan S. 

From which h and h\ and the difference h'—h, may be deduced. 

The greatest depression of the Sun below the horizon = the 
distance of the equator from the horizon — the Sun's declination 

therefore twilight will continue all nighty if 

90°-./- 3 is less than 18% 

or Z+S greater than 72®. 

If Z + £ = 72®9 the evening twilight will end, when the morning 
begins. 

158. To find the time of year when the twilight is shortest. 

Let Z (fig. 27*) be the zenith^ P the pole^ ZQ a parallel to 
the equator, S the Sun at the commencement of twilight ; there- 
fore ZS= 108 . Let the great circle which has S for its pole, 
cut ZQ in Z'; then, ZPSis the hour angle when twilight begins, 
and since PZ' is the co-latitude, PS the north polar distance of 
the Sun, and ZS = 9(f; therefore Z PS = the hour angle at 
sun-rise ; therefore the difference of these angles ZPZ' mea- 
sures the duration of twilight^ and is least when ZZ is least ; 
but ZZ is never less than SZ — SZ or 18®, and is least when 
it exactly equals SZ — SZy in which case 2^ coincides with Q, 
and ZQ^SZ'-SZ^IS^ Draw PO perpendicular to SZ, 
and bisecting ZQ and ZPQ^ and let / be the latitude of the 
place^ S the declination of the Sun, and ZPQ^^^h. 

Then^ by Napier's Rules, 

cos ZP=^ cos PO . cos ZOy or sin /=scos PO . cos 9®, 

cos PS = cos PO . cos SO, or sin 5 = — cos PO . sin 9® ; 
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sin £ 



. . . = — tan 9^ 
sin / 

and sin 5 = — tan 9^ • sin Z . • . • (l). 

Again, sin ZO = sin ZP • sin ZPOy 
or sin 9^ = cos Z . sin A ; 
.*• sin A = sin 9^* sec I (2). 

The equation (l) gives the Sun's declination, or the time when 
the twilight is shortest^ and equation (2) gives the duration 
of it. 



CHAP. IX. 



ON PARALLAX. 

i 

f 

159* li^T; O (fig. 20.) be a spectator on the Earth's sur- 
face, Z his zenith^ C the center of the Earth; then^ a heavenly 
body p seen from O has a zenith distance ZOp, and from C, 
a zenith distance ZCp, less than ZOp by the angle at p. This 
angle, which the Earth's radius subtends at p, is called the 
parallax of p, and must be added to the true zenith distance 
seen from the center of the Earth, in order to give the apparent 
distance as seen from O. 

CoR. Hence it appears that the effect of parallax is to 
depress bodies in a vertical plane, and since this is contrary to 
the effect of refraction, it hastens the setting, delays the rising, 
and diminishes the effects of refraction on the diameters of the 
heavenly bodies. 

160. To find the parallax of a known body. 

Let CO (fig. 28.) the distance of , the observer from the 
Earth's center = r, 

Cp^Ry ZCp = z, OpC=^py and ZOp = z+p^/; 
.*. sin (z -f"p) : sinp :: R : r; 

r 

.*. sin p=i -IT • sin {z+p). (1) 

xv 

r 
= rr . (sin z . cosp + cos z . sin p) ; 

Xv 
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therefore, dividing by cos j?^ 



r sin z . . 

tanp= -• — (2). 

1 — "5 . cos z 

161. Cor. 1. The parallax is generally so small that no 
sensible error is introduced by making sin p^p.; therefore, 
from (1), 

f 
p= "p • sin /oc sin z oc sin z, nearly. 

■ * 

T 

162. Cor. 2^. Since sin p= -^ . sinz'; therefore, p di- 

minishes ais jR increases, and although p can never be really O, 

yet if R exceed -7 — 7-., p must be less than l", and would be 
•^ sin 1"' ^ ' 

too small to admit of detection by our instruments. The fixed 

stars have no sensible parallax^ and in this the effect of parallax 

differs from that of refraction^ that the latter is independent of 

the distance of the body observed, whilst the former diminishes 

as the distance increases, and at length becomes insensible. 

163. Cor. 3. When the body is in the horizon, 

z + ^ = 90^ 

if therefore P be the value of p in this ca«e, sm P = -r; ; 

.*. sin jp = sin P . sin z, 

or jp = P . sin z' (4). 

164. CoR. 4. If P' be the horizontal parallax at the 
equator, and A the radius of the equator, 

P'- —• 
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• P = — P' 



166. Cor. 5. Since aiup = sin P . sin {z +p) ; 
/• e ^« =smP.e ^ — smP.e '^ ; 

/.c — l=sinP.e .e — sinP.e ; 



2©1/— 1 1 — sinP.e 

1 — sm P . e 

i. — — zV^—l 2V^— 1 

.-. 2p/^ — 1= log (1— sinP.e ) — log (1 — sinP.e ) 

=sinP.(e — e )+^.sin'P,(e — e )+&c, 

/, p = sin P . sin 3; + ^ sin* P . sin 2 2: + 8cc. 

166. To find the eff'ects of parallax on. the hour angle and 
declination of a known body. 

'' Let Z (fig. 29«) be the zenith of any place^ P the pole of the 
equator^ <S the true place of a heavenly body, depressed by 
parallax to S' in the vertical ZS, draw SO perpendicular to 
Py, and let a {SPS') be the parallax of the hour angle ZPS 
(h), and j3 (S'O) the parallax in decliqation. 

^^ SO SS'. sin ZS'P 

Ihen a = . p^ = : — ^^^ 

sin FS sm Po 

sin;2S'.sin;2S'P 



= P. 



= P. 



sin PS 

sin gP . sin ZPS' 
sin PS 

cos /• sin (A+a) 



= ^- J 

cos o 



/ being the latitude of Z. 
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(i^S'O^SS'. cos SS^O 

-, . «.o/ COS ZP - COS ZS\ cos PS" 

siQ ZS^ . sm Py 

p 



sinPy 



{ cos2:P- cosPS'.(sin2P.8mPS'.co8^PS'+cos2:P.co8PS ) } 



~^ { cos ZP. sin^PS'- cos PS', sin ZP. sin PS'. cos ZPS" } 

: P {cos ZP. sin PS' - cos PS", sin ^P . cos ^PS^} 
P {sin / cosd — cos I sind. cos (A+a)}. 
Let a be determined by the equation 

cos 2 • sin A 



i'*=p. 



then a = P. 



coso 
cos /.sin (A+a') 



cos 5 
/3 = P. {sin / cos d — cos/.sind.cos(A+aO}* 

167* Cor. 1. The error in right ascension of S, caused 
by parallax^ is the same as that of the hour angle, and ZPS=^ 
the right ascension of the mid-heaven (A) — the right ascension 
of S (a) ; therefore^ the parallax in right ascension 

_^ _j cos / . sin (A — a) 



COS 



a 



168. Cor. 2. If P be the pole of the ecliptic^ S'O is the 
parallax in latitude, and SPS the parallax in longitude of tihe 
star S; therefore, the parallax in longitude 

„ sin 2:P • sin 2;PS 

— V I • 

^' sin PS 
and the parallax in latitude 

= P. (cos ZP '. sin PS - cos PS.vnZP. cos ZPS}. 

o 
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In this case ZP is the height of the nonagesimal (n), and 
ZPS or ZPS^ the longitude of the nonagesimal (L) — the lon- 
gitude of S (/); therefore, if X be the body's latitude^ the 
parallax in longitude 

_ sin n . sin (L'-^l) 

= P. r ; 

. cos A 

the parallax in longitude 

= P {cos n cos \ — sin n . sin X . cos (L — /)} . 

169* To find the augmentation by parallax of the Moon's 
diameter. 

Let D be the apparent diameter of the Moon p (fig. 28.)> 
seen from the center of the Earthy and D^ the diameter seen 
from O, then since the body is the same^ . 

ly : D :: Cp : Op :: sin/ : sin(/ — p); 



sin (z'—pY 



"*•"• 8in(z'-j>) • 

Cor. If A be the value of D' when the Moon is in the 
horizon, in which case z^ = 90^y and p = the horizontal pa- 
rallax P, 

A ^ T^ sin^iP ^ 1-cosP 
A-D = 2D. V=^- p-5 

cos P COS P 

.•. D = A COS P. 

The same formulae may be applied to the Sun or any ot the 
planets, but these bodies are too distant for parallax to produce 
any sensible effect on their apparent diameters. 
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1 70. Tojind the true latitudes and longitudes tyf a heavenly 
body, from the latitudes and longitudes affected by parallax. 

Let If \y r, be the longitude, latitude, and distance of a 
heavenly body respectively^ as seen from the Earth's center, 
I'y \\ r the corresponding quantities from the surface, A and 
X the latitude and longitude of the observer's zenith^ and JR his 
distance from the Earth's center, which =r sin P. Let the 
planet's place be referred to rectangular co-ordinates xyZy the 
center of the Earth being the origin, and the axis of x passing 
through the vernal equinox, and that of % through the pole of 
the ecliptic. Similarly, let X, F, Zy be the co-ordinates of the 
observer's place, and let x\ y\ / be the co-ordinates of the 
planet, referred to parallel axes passing through the place of 
observation. Then 

j; s=s r COS X . cos /, y =r cos X . sin /« 2 ssr sip X ••..•••(iX 
x' = r cos X' cos ty y =/ cos X' sin ty z = r sin X' . . • .(S), 

J!ir=i2cos A.cosX, F= R cos A .sinX, jSz= JRsinA (3), 

= r sinPcosA.cosL, =r sinP.cosA.sinL, sr sinP.sinA; 

/• jT = x' — X = /• {cos X' cos Z' — sin P • cos A . cos X}, 
y^y — F= r . {cos X' sin i' — sin P .cos A . sin X}, 
;?; = / — Z =/• {sin X' — sin P . sin A}. 

But, from the equations (1), 

tan / = - , tan X = - . cos / ; 

X X 

cos X' sin /— sin P . cos A . sin X 

.*• tan / = — r-j — — T7 : — = — 7 \ Y, 

cos X cos / — sm P. cos A . sm X 

{sinX' — siq P. sin A} > cos / 

tan X s 77 ,/ — 5 a t » 

cosX cos / — sm P . cos A • cos X 
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From the first of which I may be founds and then \ from the 
second^ and these being known^ r may be obtained by the 
equation 



r = 



. {cos X'. cos Z' — sin P. cos A. cos L} 

= r . -^ r ; 



COS X • cos I COS X • COS / 



171* If D be the apparent diameter of the body seen from 
the center of the Earthy IX the diameter at the place of ob- 
servation^ 



r 



jy • cos X . cos I 



cos X'. cos V — sin P . cos A • cos i ' 



A, the latitude of the observer's zenith^ is the same as the 
zenith distance of the nonagesimal, and X^ the longitude of the 
zenith, the same as the longitude of the nonagesimal. 

172. In the same manner, if a and ^ be the right ascension 
and declination of the planet as seen from &e center of the 
Earthy a and ^ at the place of observation, A the right as- 
cension of the zenith, or of the mid-heaven, and X the declination 
of the place of observation as seen from the center of the Earth, 
vehich is equal to the latitude of the place of observation ; 

cos ^. sin a' —sin P . sin il • cos X 

tan a = 5? 7 : — — -1 =- , 

cos o cos a — sm P • cos A . cos X 

K { sin S' — sin P . sin X} cos a 

tan d = -^ > T—^ = T . 

cos o . COS a — sm P . cos X . cos A 

173. To measure the parallax of a heavenly body^ by obser* 
vations made in the plane of the meridian. 

Let ZAP (z) (fig. 30.), ZA'P (zO be two zenith distances of 
a body P, observed from .two known places A and A'^ on the 
same meridian ; take C the center of the Earth, draw the lines 
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CP, CAa, CAcl, and let CA^r, CM^t', CP^R, / = thc 
latitude of A, 2' = the latitude of A'; then^ if ^^ (pf be the 
known angles between the normals at A and A'^ and the lines 
CA, CJ' (Art. 65.), PAa = Z'-fp, PA'a=^z-(l/; therefore 
if JP3 p' be the parallaxes at A and J^, we have 

f 
from the triangle CAp . . • . p = — . sin (2 — 0), 

CA!p y = ~, sin (2^ — 00; 

XV 



, , r . sin (2 — 0) + /. sin (/ — d)') 
/. p + p = 2—-^ 2—. 

But p + p' = ^Pil' 

^PAa^rAd^ACA' 

-^ __ r . sin (2 — 0) + /. sin (/— 0') 

therefore if P* be the equatoreal parallax^ and A the radius of 
the Earth's equator, 



P'=A- 



r sin (jg — 0) + r sin (2' — 0') 



/\^ 



il and A' are supposed on different sides of the equator; if they 
are on the same side, V is negative. 

174. CoH. If p and p are too large to be considered equal 
to their sines, we have 

V 

sin p = - . sin (2 - 0) (1), 

/ 
«np =— .sin(2'-0'). 
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and culling ;!f + ^'"-' — ^ = w, or mMngp s^m^p, 

r 



sin {m — p) = •—- • sin (z-^d/) ; 

XV 

/ 
f 

therefore sin m cos p — cos m sin p =5-5- sin (2'— 0'), 

iv 

and dividing this by equation (l); 

r sin (2;'— 0') 

sm m • cot p — cos «i = -< . —: 2:- ; 

r sin (;?;— 0) 

, ^ r . sin (jz; — A) . sin m 

therefore tan p = r— -? — -nrr ^ ^—f Xx • 

r.sin(2 — 0)+r .cos m.sm (j?— 0) 

Whence p may be founds and hence 

jj^^ sin(^-0)^ and therefore P'= 4. 
Slop R 

175- By this method the parallax of a heavenly body^ the 
declination of which is unchangeable, may be found if the 
observers are on different meridians ; but if the declination^ and^ 
consequently, the meridian zenith distance changes, as is the case 
with all the bodies which have a sensible parallax, the meridian 
zenith distance at A' must be observed for several successive 
days, from which, by the method of interpolations, we may find 
the meridian zenith distance as seen from a place in the same 
latitude as A' at the time when the body was on A's meridian ; 
that is, the meridian distance which it would have at A\ if it 
were to move from the meridian of A to that of A', without 
changing its declination. 

176. To find the Moon's parallax, by observations made 
out of the plane of the meridian. 

Let / be the latitude of the observer, j the declination of the 
Moon, h the hour angle calculated from an observed zenith 
distance, and which is therefore affected with the error of pa- 
rallax a = 
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_ COS I .sin h ^ . ^^. 

P . 5^ — . (Art. 166). 

cos o 

Let a, K be the values of a and A, corresponding to another 
observatioOy then^ as before^ 

cos I . sin K 



i=P. 



cos 



neglecting the small change of declination between the obser- 
vations ; 

, _ , sin A — sin K 

cos o 

= 2P. ril^. sin X (A- A') .cos f . (A+A'), 
coso 

A and A' are known from the observed zenith distances ; and there- 
fore A — A' the apparent decrement of the hour angle between 
the observations ; but by the tables of the Moon's motion, or from 
observing the increase of right ascension on successive days^ the 
true value of A — A' in the known interval between the observa- 
tions may be found, whnece the difference of these quantities^ 
or that which arises from parallax, a — a' is determined ; there- 
fore we know 

p _^ I (a — ttO . cos 5 

^ * sin ^ (A — A') . cos j . (A'+7i) . cos / ' 

Cor. If the observations are made on different sides of the 
meridian 

__ j^ (g + g). cos 3 

"" ^ ' sin ^ . (A -H A') . cos ]^ . (A' — A) . cos / * 

177- 1^6 quantity A must be calculated from the observed 
zenith distance corrected for refractions. This correction may be 
avoided by observing at the same time a star nearly in contact 
with the Moon, then^ since the effect of refraction is nearly the 
same on both, the difference of the hour angles calculated from 
the observed zenith distances, is equal to the difference of the 
star's true right ascension^ and the Moon's apparent right ascen- 
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the apparent ■ 



sion, and as the star's right ascension is known, the apparent 
right ascension of the Moon may be found. Having found, in 
the same manner, the apparent right ascension of the Moon at 
the second observation, the difference of these, or the apparent 
motion in right ascension of the Moon may be obtained ; there- 
fore, as before, taking the difference of the Moon's true and 
apparent motion in right ascension, we obtain a~ a . 

By the two preceding methods, the Moon's parallax may be 
determined with considerable accuracy ; they may also be applied 
to the nearer planets, but the Sun's parallax, which is one of the 
most important elements of Astronomy, is too small to be dis- 
covered in this way, as a slight error of observation may entirely 
vitiate the result. An accurate mode of determining the solar 
parallax, is described in a subsequent Chapter. 

17s. The angle subtended at a body by the Earth's radius, 
is called the diurnal parallax, to distinguish it from the angle 
subtended by the radius of the Earth's orbit at a fixed star, which 
is called the star's annual parallax. It is agreed, that the 
former of these does not admit of observation for any of the 
fixed stars, but as the radius of the Earth's orbit is more than 
90000 times greater than the radius of the Earth, Astronomers 
have sought with great care to find by observations, if any of the 
stars have a sensible annual parallax. They are as yet undecided 
about its existence, which certainly does not,] in any case, 
exceed 5", and is, probably, much less, 

179* Given the greatest annual parallax of ajixed star, to 
Jind the parallax in latitude and longitude. 

Let P (fig. 29.) be the pole of the ecliptic, the Sun being 
considered the center of the sphere, Z the point in which the 
line passing through the Sun and Earth, intersects the surface of 
the sphere, S a fixed star; then PZ = gO'', and ZPS = tbe 
longitude of the Earth seen from the Sun (®)— the longitude of 
8(1), = ®- I- The parallax will fake place in the great circle, 
ZS passing through the Earth and star for the same reason, that 
the diurnal parallax takes place in a vertical circle; if, therefore, 



I 
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be the greatest parallax, when ZS:s:gQP^ and we proceed at 
in Art. \66, 

the parallax' in longitude 

^ sm ZP. sin ZPS ' sinO--/) 
' sin jto ^ cos K 

the parallax in latitude 

= . (sin ZP. sin PS - cos PS- sin ZP. cos 2fP5) 

= —0. sin \ . cos (® — /) (2). 

The parallax in latitude can never exceed ; and is^ therefore, 
not so proper for deducing from observation, as the parallax 
in longitude. 

In the figure from which the parallaxes in the preceding 
Articles are derived^ the latitudes^ longitudes^ 8cc. are diminished 
by parallax ; therefore, the values deduced must be subtracted 
from the true latitudes, longitudes, &c. to get the apparent. 

180. Tojind, by observation ^ the annual parallax of a given 
fixed star, if it has any. 

Let the star's longitude be found, when — / = 90^, then if 
/ be the longitude seen from the Sun, the apparent longitude 

= 1^(1) , sec X. 
At the end of half a year, ® — / = 270^, and the apparent lon- 



gitude 



= /+0, sec \; 

therefore, if A be the observed difference of the star's longitude 
at' these times. 

A = 2 .sec X; 

/. = ^ . A cos X. 

181. All the fixed stars have slight apparent changes of 
place, arising from causes which are well known, and which v^ill 
be explained in the Chapters on Precession and Aberration. 
Besides these, many of the stars hane other changes of position, 

P 
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■rFhicb are generalTy believed to be proper moUons, though 
some, who considered that they were not independent of each 
other, have thought that they were only apparent, and caused 
by the motion of our system about some distant point, perhaps 
the center of gravity of the universe. The effects of such 
a motion of the Earth upon the apparent places of the stars, 
will evidently be similar to that produced by parallax, and may 
be calculated by similar formulit, but as the Earth's radius was 
considered evanescent in the investigations of the annual parallax, 
so in these motionsi which, (if the hypothesis of their cause be 
correct) arise from a secular parallax, the whole of the solar 
system must be considered as occupying a mere point. 

If AA' (fig. 31 ,) be the arc described in a century by our 
solar system, an immoveable star C will be seen in the directions 
yiC, A'C, when the Earth is at A and A'i therefore, considering 
AA' a straight line, on account of the immense radius of the 
orbit of which it forms a part, and making AC A' the secular 
pan)llax = 'T, CAA' = m, AA'=:r, and AC = p, 



Zn this equation r and p are unknown, and will probably remain 
so; therefore the absolute secular parallax cannot be dis- 
covered. We have it, however, in our power to determine by 
observation the direction of the motion of the solar system, if 
any such motion exists. 

183. Let P (fig. 29.) be the pole of the equator, ^ that 
part of the heavens towards which our system is supposed to 
move, S a fixed star, which, in consequence of the Earth's 
motion from the center of the sphere towards Z, appears to 
describe the small arc SS' in ZS produced; then, if r be the 
right ascension, and t/ the declination of the point Z, at 
right ascension and declination of S, m and ii the apparent 
motions of S in right ascension and declination, and ip the 
motion which a star 90" from Z would appear to have; we 
havp. as in Art. Ifi6. -.. - 



ms0. 
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810 ZP. sin ZPS 
sin PS 



, cos y . sin (a: — a) 

= 0. — y .(1), 

cos o 

« = 0, { COS ZP. sin PS - cos PS . sin 2P. cos ZPS] 

= {sin y . cos S — sin 5 . cos y . cos (a? — a)} . • . . . • •(2). 

Eliminating between (1) arid (2), and substituting for sin (x^a), 
cos (x *- a)^ tht^ir f|xpansion3 

m • {sin y cos £ — sin 5 . cos y . (cos x • cos a + sin j: • sin a)^ 

(sin r cos a — cos j: sin a) 
=T??cpsy. .,^.^ — ; 

Ib^f&^^j »ioItipI|!ii»g l>y ppfti, and dividiog hy my, 

m {cos'^r- sin.j co^ ^ cos a\ coty ..^os x 

— sin ^ . cos £ . sin a cot y sin x] ; 
s? n cQs a coty aio x-r-n sin a coty cos x; 
.'. m cos' ^ = (^ sin £ cos 5 cos a — n sin a) ^ot y • cos x 
+ (m sin S cos £ sin a + ^ cos a) . cot y . sin x, 
or calling the known coeiBcients p at^d ^, 

m cos* 5 =5p .cot y cos x+ g cot y sin x. 

Apothier simple equation may be formed in tlie saqae maofljef 
from the apparent motiotos of another star, and from these 
two equations the values of coty .cos x^ 90.ty.s1in f, and^ there- 
fore^ of y and x may be determined. 

183. When the numerical values deduced from observation are 
employed for determining y and x, the values which are deduced 
from the observations of different stars^ differ considerably from 
each other/ whence it may be concluded^ that the apparent motion 
of the stars does not arise solely from the motion of die sqIi^ 
system. 



CHAP. X. 



ON PRECESSION AND NUTATION. 

184. The comparison of ancient and modern observations 
shews, that the longitude of every fixed star has an annual in- 
crease of about 50^'^ whilst the latitude remains nearly unchanged. 
This increase which arises from the regression of the first point 
of Aries^ from which the longitudes are reckoned, and not from 
a real motion of the stars, is called the Precession qf the Equi" 
noxes. 

The same observations point out a cotemporary decrement 
of the obliquity^ which is called the Secular Diminution of the 
Obliquity f and amounts to about half a second. 

Both these uniform changes are subject to variations, which 
recur after a period of 18 years, and are called Nutations^ 

Precession and Nutation arise principally from the attractive 
forces of the Sun and Moon acting on the protuberant matter 
of the Earth's equator. These forces may be resolved into two, 
one in the plane of the equator which cannot change the position 
of that plane, and the other perpendicular to it, which, if the 
Earth had no rotation, would diminish the inclination of the 
planes of the ecliptic and equator, without altering the line of 
their intersection, but, in consequence of the Earth's rotation^ 
these effects are reversed, and the inclination remains unaltered, 
whilst the line of equinoxes moves backwards on the ecliptic 
through 50'^34 annually, 

"Pie plane in which the Moon moves is not fixed, as will be 



lit 

shewn hereafter^ but changes its position in a period of 18 yearSi 
during which time the intersection of the Moon s orbit^ and the 
ecliptic, or the Line of Nodes, as it is called^ recedes on the 
ecliptic through 360^; this causes the effect of the Moon's 
action to vary, the mean effect being involved in the precession 
50^.34, and the variable part being the Lunar Nutation. The 
Node in which the Moon is^ when it passes from the south to 
the north side of the ecliptic, is called the Moon's Ascending 
Node. 

The planets are too distant to produce any sensible effect on 
the protuberant matter of the Earth, but by their mutual attract 
tions, they produce a slight change in the position of the ecliptic^ 
causing the secular diminution of the obliquity, and a motion 
forwards of 16'' in the equinoxial points, which being subtracted 
from 50".34, leaves 50^.18 for the whole annual regression of 
the equinoxes. These effects of the planetary attractions are 
independent of the figure of the Earthy but as they change the 
plane of the Sun's motion, they must cause a corresponding 
change in the Sun's action on the protuberant matter of the 
Earth, similar to the lunar nutation^ but nmch less in quantity, 
and immensely greater in its period. 

185. Let TC (fig. 32.) be the ecliptic at a determined 
epoch, f'C the ecliptic as. changed by the action of the planets 
at any other time, TQ, T'Q^ the corresponding equators. 
Then Y* f' is the precession caused by the action of the Sun 
and Moon on the Earth; Nt" -^Nt the true precession. 

Let rY'=^, Nr"^Nr^^, NT^TT, r'=co', r"=zar, 

rNr'[=P. Then Nr"= ^ + 0. The quantities f, 0, 
to, to" are found by Physical Astronomy, and the comparison of 
distant observations, and w and p are deduced from them by 
means of Spherical Trigonometry. If the fixed epoch be 1750, 
their values /or the year 1750+^, where t is expressed in years, 
or parts of years, are 

>|/ = 50^.340499 ^ - O^.OOO 1 2 1 79 ^', 
^ = 50".176068< +0".0001M14^% 
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w ^93^ 28' 18'' + 0".00000984*', 

ft)" = 23^ 28' 18" - 0".48368 ^—0.0000027 1\ 

T=171^36' l0"-r-$-'.18^ 

p = a-'.48892 1 - 0".00000307 19 ^. 

186. Given the latitude and longitude of a fixed star at one 
^pochjf to find them at any other. 

Retaining the same construction and notation, let S (fig. 32.) 
be a fixed star, SC (XiX its latitude at the fixed epoch 1750, 
SCfQO its latitude at any time 1750 + ^> 'i and I the correspond- 
ing longitudes. 

The* /=r"-V+NQ + (rQ 

= ^1+0 + CO. 
But Co = sio CO = tan X . cot SOC^ 

aw} cot 80C = tan CNO .cos NO=p . cos (/, — ir) ; 

/. Zs=/i +0 -hp .tanX. cos d — w), (1), 

and X = SC — CO =Xi — /> .sin (/i — -it) (2). 

Similarly, if l'^ \' and p' be values of /, X and p, for any other 
time 1750 + ^, 

r s=/i + 0'+/. tan X'. cos ih-ir') (3), 

X' = Xi— y. sin (/i — -it') . . . • • (4), 

But tanX' = tanX, nearly, and /j — it and /i— it' each, nearly 
equal 'i -^ i •(it+ttO; therefore calling this quantity L, and 
eliminating /|, between (1) and (3), and Xj between (2) and (4), 
we get 

/' = / + 0' — ^ + (p'— p) .tanX. cos L, 

and X' = X — (!>'— jp) . sin L; 

therefore substituting in the equations the values of 0, p, &c« 
we get 
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+ (f- i) . { 0".48892 - (^ + 0".0(X)00207 1 9 } .tan X.cos L, 
\' = \-(/-t). {6".48892 - (^' + 1) 6".O0O0O3O7 19} sin L, 
where L = /i— ^ (^+^0 = l-^ff^^ i .(^ + w-')> nearly 
= Z-J71^36" 10'-50".176^ + 5",18.(^ + O. 

The above methods of finding the values of i! and \' will not 
apply, unless p^ which does not amount to l' in a century, is 
very small, and Tor very considerable inltervals the relations 
between V and /, or between V and X must be fotltld by the 
common rules of Spherical Trigonometry. 

187. From the latitudes, longitudes and obliquity corrected 
as above, the right ascensions and declinations may be found; 
but it is obvious from the inspection of the values of /' and X'^ 
that the latitude may be considered as unchanged for moderatifr 
intervals, whilst the longitude has an annual increase of 50'^18^ 
and it is upon this supposition that the precession in right ascen- 
sion and declination for intervals not exceeding 5 years, is found 
in the next article. 

188. To find the precession in right ascension and declhiation 
of a given star. 

Let P (fig. 330 be the jliole 6f thfe ecjusttor, K 6{ the ecliptic^ 
5 aftid S' two apparent consecutive positions of a fixed star, tifter 
at] interval 6ft y^ars, then the co-latitudes £$, £<S' remain un- 
aftefred, and SKS' the ^t>pareht motion in longitude = 50'\l8^. 

Draw yO perpendicular to PS, and let SO, the precession 
in declination = a, SPS\ the precession in right ascension == )3, 

and S = the angle of position PSK. 

* ■ ■ ■ * ■ 

Then a = SS'. cos S'SO = 50". 1 St , sin KS . sin PSK 

* ■ 

= 50". 18 ^ . sin PK ;sin KPS 
= 50". 18 ^ . sin ck) . cos «. 
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Again, jS . sin PS = SO = SS'^sin S'SO 

= 50".18* • cos X . cos 5; 
^ _ 50'\l8f .cosX.cosS 

COS o 

but since sin PS • sin KS • cos 5 = cos PK — cos P5 . cos KS ; 

.*. cos S . cos X . cos 5 
scosoi — sin^ • {sin u) co8^.( — sina) +co8fty. sinj} 

= cos w . cos^ £ + sin S . cos S .sin w • sin a ; 
cos X. cos 5 






s COS w + tan £ . sin oi . sin a ; 



cos S 

• *• fi = 50"ASt • (cos (u + sin (u • tan ^ • sin a). 

1 89. Cor. The precession increases the declination of a 
star whose right ascension is less than QOP, or between 270^ and 
360^, and diminishes the declinations in the other quadrants. 
If the latitude and declination of a star are both north or both 
south, then the precession increases or diminishes the right 
ascension, according as the cosine of the angle of position is 
positive or negative. If the angle of position =: 90^, or 270^, 
the precession does not alter the right ascension. 

On Nutation. 

190. It has been observed, that besides the mean changes 
of obliquity and precession, the plane of the equator, and con- 
sequently its pole, is subject to an irregular motion called 
Nutation. Theory shews, that if do) and dl are the consequent 
changes in the obliquity and in the longitude of the pole of the 
equator, 

rf/=: — 18".0Ssin(D a)— l".13 sin 20 — 0".22 sin2 D . . . (1), 

rfai= 9".05.cos ( D Si )=0".49.cos 20 - 0".09.cos 2 SI D . . (2). 

where O D , D Si, represent the longitudes of the Sun, of the 
Moon, and of the Moon's ascending node, respectively. 

If the equations (1) and (2) of Art. 88. be differentiated with 
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respect to a, S, I and w, and for dl and dw, the above values be 
subsUtuted, the corresponding variations of a and S, or the 
nutation in declination and right ascension may be found. 

• . * 

191- To construct for the nutation. 

It is obvious, that the two first terms of dl and da) are of the 
most importance, and their effect may be conveniently repre- 
sented by the following construction. 

Let Sf'£5=shy is". OS sin w^gf and round the mean place 
of the pole of the equator P, (fig. 34.) unaffected by nutation, 
with semi-axes PA (h), and PB (g) describe an ellipse, the 
major axis of which touches the arc of the solstitial colure. Take 
APQ^{360^ — D Sl)^ and let PQ meet the circle described on 
the major axis in Q; draw Qo perpendicular to AP, cutting 
the ellipse in p, then p is the true place of the pole affected by 
nutation. For k being the pole of the ecliptic, 

P's motion in latitude (J oi) 

=z Po =1 PQ . cos QPo = A . cos D SI = 9".65 . cos D SI, 

and P's motion in longitude {dl) 

TT po g Qo . 

= pKo^ I — =p- = 2 . . , nearly, 

sm Ko h sm PK 

g . sin •}) SI sin D Jl ,«//^„ . ^ ^ 

= -s.A. : = ^ g — : =— 18 .OSsmD SI. 

h sui oi sm 01 

192. To find the lunar nutation of a given star in right 
ascension and declination. 

The same construction remaining, let <f L (fig 34.) be the 
ecliptic, and op Sy t <' the positions of the equator corresponding 
to the places of the pole P and p, then y <y> ^=X/=XX/=:P's 
motion in longitude. Draw the declination circles PSs,'pSs' 
through a star 5, Ps meeting the equator TV in t, and draw 
^v perpendicular to the equator, and mon perpendicular to 
PS or pS. 

Then Po=:PQ. cos QPo = A . cos D a ; 

Q 
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po as ^. Qo=g siu QPo= —g. sin 5 St; 

therefore the nutation in north polar distance 

= SP~Sp 

= Po. cos oPm— jpo.sin oPm 
=s Po . sin a +po . cos a, 
a b^Dg the right ascension of 5 

sA.cos ]) St • sin a— g sin }) SI . cos a ••• (1). 

The nutation in right ascension 

But T'v = V* Y*'«cos (0 = X/. cos w 
= -; — • COS fti = — g sm D SI . cot ft>. 



and ^5' = mn. 



8in 01 
sin dec 



cos dec 

= tan j. {mo+no) 

= tan 5 (Po . sin oPm+jpo . cos oPtni 

= tan 5 ( — Po . cos a + jpo • sin a) 

= tan 5 . ( — A . cos D SI • cos a — g sin D SI • sin a) ; 
therefore the whole nutation in right ascension 
=s— gsin]) SI •cot 01— tan ^.(A cos }) SI •cos a +g sin D SI •sina).(2)« 

193. Cor. 1. The first term of the nutation in right ascen- 
sion^ is independent of the star's place, and is the same for all 
stars^ being the quantity by which the equinox recedes in con- 
sequence of nutation. 
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194. Cor. 2. The nutation in north polar distance 

= ^ flf cos a . (sm D St — - . tan a . cos D St ;. 

S 

A 
Let — - tan a = tan ^ ; 

S 
therefore the nutation in north polar distance 

St cos a -^ 
= -^ 5-.sin(B+D a).. (3). 

cos i> 

The nutation in right ascension 
== — (g cot CO +g sin a tan £) sin D St ' A tan £ cos a • cos D St ^ 
Let h tan h cos a x=g (cot oi + sin a tan ^ . tan Si 

therefore the nutation in right ascension 

=s — g (cot 01 + sin a tan t) . (sin D Jl + tan S. cos ]) Q.) 

= — g (cot <tf + sin a tan ^ • sin (JB' + D SI) • •• • (4). 

These formulas are very convenient when the nutation of die 
same star is required at different times^ as the coefficients an4 
the quantities B and S are always the same* 

195- Cor. 3. When the nutation in north polar distance is 
a maximum, 

D Sl=90®— JB* 
When the nutation in right ascension is a maximum, 

D Sl = 90*-B'. 

196* CoR. 4. The change of the equinoxial point in lon- 
gitude Tf' 

= — 18".03 . sin D SI. (Art. I9I.) 
And the change in right ascension y y ' cos w 

= — 18'^0^ • cos CO . sin J> Si. 
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the apparent deviation of the star from its true place^ is called 
the Aberration* 

201. To find the aberration of a fixed star. 
Complete the parallelogram SA (fig. S5.) ; then 

sin aberration : sin As S :: Ss : SA 

:: vel. of the Earth : vel. of light. 

But AsS^sAC^SAC nearly, the angle ^hich a line 
joining the Earth and the star makes \?ith the direction of the 
Earth's motion^ \?hich angle is called the Earth's way ; and 
sin aberration = aberration nearly ; 

.*. the aberration : sin ®'s way :: vel. : vel. light. 

Now light is 8' \S" in passing over a radius of the Earth's 
orbit {r), and in this time the Earth describes an angle of 
20".25 round the Sun, or an arc =20". 25r; 

.*. the aberration : sin ©'s way :: 20".25.r : r; 

.*. the aberration = 20".25 . sin ©'s way. 

202. The aberration of a fixed star at any time takes place 
in a plane passing through the star and a tangent to the curve 
described by the Earth, and always tends towards those parts in 
the direction of which the Earth moves ; therefore, if the Earth 
move towards the star, or the angle SAC be 'acute, the star 
appears depressed towards the plane of the ecliptic. If the 
Earth move from the star, it appears more elevated in conse- 
quence of aberration. 

203. It is most convenient, in treating of the effects of 
aberration on the apparent places of the stars, to refer them to 
the surface of a sphere having the Sun in its center, and a radius 
equal to the distance of the fixed stars. As the plane in which 
the aberration takes place does not pass through the Sun, its 
intersection with the surface of the sphere is not a great circle. 
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but if we suppose a plane to pass through the Sun and the true 
and apparent places of a fixed star^ this plane may be con- 
sidered parallel to the former, on account of the immense dis- 
tance of the stars, and the aberration and Earth's way may be 
considered without sensible error, as measured on the arcs of 
the great circle in which this plane cuts the surface of the 
sphere. The plane thus drawn being parallel to the direction 
of the Earth's motion, cuts the ecliptic in two points 90^ dis- 
tant from the Earthy if the Earth's orbit be supposed circular. 

204. If S (fig. 35.) be the true, and $ the apparent place 
of a fixed star, Ss is parallel to the direction in which the 
Earth moves, and, therefore^ to the ecliptic^ and is to AS, the 
distance of the star from the Earth :: vel. Earth : vel. light. 
The velocity of light is constant, and that t>f the Earth may be 
supposed uniform, since the Earth's orbit, as will be shewn in 
the next Chapter, is nearly circular; also, AS may be con- 
sidered constant and parallel to itself in all positions of the 
Earth, because the diameter of the Earth^s orbit subtends no 
finite angle at S ; therefore, Ss is constant, and s describes a 
circle round S, in a plane parallel to the ecliptic. 

This circle is seen from the Earth, projected on a plane per- 
pendicular to AS, and will therefore appear elliptical, unless 
AS be perpendicular to its plane, or S be situated in the pole 
of the ecliptic. The angle SA 5 = 20". 25 . sin Earth's way, 
the greatest value of which is 20". 25, and the least takes place 
when the Earth's way = the acute angle which SA makes with 
the plane of the ecliptic, or the star's latitude; therefore, the 
major axis of the ellipse, which a star appears to describe about 
its real place, in consequence of aberration, 

= 40". 50; 
and the minor axis = 40'^ 50 • sin star's latitude. 

Dbf* The curve which a star appears to describe about its 
true place is called the aberratic curve. 
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205. To find the equation to the aberratic curve ^ upon any 
hypothesis of the form of the Earth's orbit. 

Let T be the radius vector^ and p the perpendicular let fall 
from the Sun on the tangent at any point of the Earth's orbit, 
p and 7r the distance and perpendicular for the corresponding 
point of the aberratic curve^ the true place of the star being 
taken for the pole. Then p varies as the Earth's velocity, or as 

1 . c^ 

-; let it equal —• Also, since p is always parallel to the 

P P 

tangent of the Earth's orbit^ its angular velocity is the same as 
that of the tangent^ and, therefore^ of p. But the angular 
velocity of p 

__ Trdp irdp 

p i^p^'-ir^ ^c*7-^V^ 

. . . c* 

substituting for p its value -; and the angular velocity of p 

P 

dp 
^r -p 

dp ^ IT dp 

\/r — p A^ c — 7r p 



• • 



^ c» 



.*. c"^ = 7r*r% and r=— . 

7r 



Therefore^ substituting in the equation between r and p their 



C . C 



c c 

values — and —y the equation between p and tf is obtained. 

p TT 

The equation thus found may, if required, be transformed by 
the common methods into an equation between rectangular or 
polar co-ordinates* 

206. Ex. Suppose the Earth's orbit an ellipse, of which 
the axes are a and b; then, the equation between r and p is 
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P = 7: > or r = g 8 ; 



.*. w= - = 



r 2 a p 



s 



c 6 p -f-c 

=: — . — ! — 5 ' . Sll 



C 

V — 'j Since p=s — , 
2a c* P 



-*V±i! 



2ac* 



We may easily shew that this is the equation of a circle ; for let 
S^ (fig. 36.) be a point in a circle rad CP (mX at a distance 
SC (n) from the center, and taking any point P in the cir- 
cumference^ let SP = />, Sy=7r^ 

/. n* = /o*+iw* — 2 mp . cos, SPC 
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which coincides with the aberratic curve^ if 

C J « « •^ 

Hence it appears that the stars describe circles in consequence 
of aberration, even if the Earth's elliptic motion be taken into 
consideration. As in Art. 204, unless the star be situated in 
the pole of the ecliptic, the plane of the circle, being viewed 
obliquely, will appear an ellipse. 

207. To find the aberration of a star with respect to any 
plane. 

Let E (fig. 37. and 38.) be the Earth in the ecliptic £C, 
•S the star, IS the plane, to or from which the aberration is 

R 
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required^ which is called the relative plane^ OS the great circle 
in which the aberration takes place ; therefore, SO = the Earth's 
way, and JE0 = 90°. Draw sa perpendicular to OS, then, sa 
is the deflection from the plane IS caused by aberration, and 

sa^Ss . sin ISO 

= «0".25 sin SO . sin ISO 

= 20". 25 . sin 01. sin I 

= ± 20". 25 . sin I . cos IE. 

-)- or -^ according as EI is less or greater than 90^. 

120S. Tojindthe aberraiion of a given star in longitude. 

Let SI (fig. 39*) be a circle of latitude passing through a star 
5, P the pole of the ecliptic ; therefore, PI and the angle I 
each = 90^. Let, as before, X = the latitude, / = the lon- 
gitude, S = the declination, a = the right ascension of the star 
S, and let SS' be the aberration perpendicular to PI; then, 
if O be the longitude of the Sun seen from the Earth, 180^+ O 
will be the longitude of the Earth seen from the Sun (0), be- 
cause the Earth and Sun, seen from each other^ are in opposite 
parts of the iecliptic. Therefore, we have 

SS' = 20". 25 . sin / . cos IE, 
but sin I=:\} 
and cos IE = cos (© — /) = cos (180^ + q - /) = — cos ( — /) ; 

.-. SS' = - 20''. 25 . cos ( O — /), 
and the i^berration in longitude 

_ _ 20". 25. cos (Q —/) 

cos X 

209. To find the aberration in latitude. 

Let SI (fig. 40.) be perpendicular to the circle of latitude 
PSLy passing through a given star S; then, J is the pole of 
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SL; therefore, IL^90P, and the angle S/L=X; therefore, if 
SS' = the aberration in latitude, 

SS' = - 20". 25 . sin I . cos IE, 
but cos J£= — sin EIi= -sin(180+ O — /) = sin(0 - /), 

and sin J=sin X; 

therefore, the aberration in latitude 

= — 20". 25 . sin X • sin ( O — /). 

210. To find the aberration in right ascension. 

Let SI (fig. 41.) be a circle of declination meeting the 
equator in s and the ecliptic in J, and let SS' be the abi^rration 
perpendicular to IS\ then^ drawing the declination circle 
PS's through S\ and making v I^=^<t>» where is determined 
by the equation cot = cos w . cot a, we have 

SS = 20". 25 . sin /. cos IE, 
but sin a = sin • sin /, 
and cos IE = cos (©— 0) = cos(18O+ O — 0)= — cos(0 -0); 

. «?c' /an" «« sin g . cos ( O — 0) 

. . ao = — 20 . 25 . 1 — T ^— ; 

sm0 

therefore, the aberration in right ascension ss' 

___ 20". 25 . sin g . cos ( Q — 0) 

sin . cos o 

Cor. If O - = 90^ or 270^ that is, if the Sun's longitude 
= 90*^+0, or 270^+ 0, there is no aberration in right as- 
cension. 

211. To find the aberration in declination. 

Let the relative plane IS (fig. 42.) be perpendicular to 
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the circle of declination SD, and let the equator f Q meet 
these circles in M and D, then^ M is the pole of SD, and 
5JlfX) = iSX) = 5; therefore, in the triangle MI^ , we have 

from which data /«/> (0) may be found by the usual methods* 
Also^ in the same triangle, 

sin . sin /=: sin ilf cy) . sin Mss cos a . sin £ 9 

therefore, the aberration in declination SS^ 

= — 20". 25 , sin I . cos £1 

,, cos a . sin £ 

= r 20 . 25 . r-^ — . cos (180 + O +B\ 

sm 9 

_ „ cos fl . sin 3 . cos ( Q +^) 

smd 

CoE. If the Sun's longitude = 90^ - or 270^ — 0, the 
aberration in declination vanishes. 

In the four cases for which the aberration has been deduced, 
the Earth has been placed in a position to increase the latitudes, 
longitudes, &c.; therefore, the aberrations, with their proper 
signs, must be all added to the true latitudes and longitudes, to 
obtain the apparent values of the same quantities. In th^ 
second and fourth cases, EI has been taken greater than 90^. 
These observations require attention in order to obtain the right 
sign of the aberration. 

The subsidiary angles <f> and have been introduced in the 
two last articles to facilitate the logarithmic calculation of the 
aberrations; there is^ however, no difficulty in obtaining formulsjs 
depending on the right ascensions and declinations only. 

212. To find the aberration in right ascension and declina^ 
tion, in terms of a and 5. 
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The aberration in right ascension = r (fig. 41.) 

cos o 

^ n ^^ sin I . cos JjE 

= 20".25 . 5 . 

cos a 

= -^^ . sin I. cos {TE- rl) 
cos o 

= ^-. {cosVE.sin/.cosirJ+sinTE.sinl.sinv*/}. 

cos 

but sin J. sin T/sssin a ; 

/. sin /. cos Y*J=sin J. sin V*/. cot y/ 

= sin a . cos oi • cot a 

=s COS 0) . COS a^ 

and V-£=:i80^+ O; 

dierefore^ the aberration in right ascension 

20".25 

= ^r . { —cos . cos w . cos a — sin O . sin a} 

cos 

=s ^f- {cos a . cos w . cos © + sin a . sin O }. 

cos 

The aberration in declination SS' (fig. 42.) 

= —20" .25 .sin J. cos EI 

= — 20".25 . sin /• cos (/<r + Y ^ 

= — 20'^25.{cos<r jE.sin/.cosIv — sinVE.sin/.sinJv }. 
but sin /• sin /<y> = sin £ • cos a ; 
.•. sin I, cos /<r = sin I . sin ly . cot /iT 

= sin £ . cos a . cot 0. 
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Also in the triangle /<y> My 

sin a . cos « = cot . cos a — sin « . cotXlQO® — S) ; 

sin w . cot i 



.*. cot = tan a , cos vo — 



cos a 



«'• sin I . cos /«y> = sin ^ • sin a cos cci — cos ^ sin cu ; 
therefore the aberration in declination 

= — 20'',25 J — cos O . (sin 5 . sin a cos w 

— cos S sin w) + sin . sin d • cos a\ 
= 9,qI'.9,5 {sin £ .(sin a cos oi cos O 

— cos a sin ) — cos £ . sin w • cos O }. 

213. To find the aberration taking into consideration the 
elliptic form ofi the Earth's orbit*. 

As in Art. 207. let E (fig. 43.) be the Earth's place referred 
to the ecliptic^ S a fixed star, SI the relative plane, p the dist- 
ance of the Earth from the Sun, v the true, and m the mean 
anomaly ; then we may suppose the Earth's velocity compounded 
of the velocity pdv, in consequence of which it describes an 
angle round the Sun, or an arc of the ecliptic, and of the velocity 
dp, by which it moves from the Sun« The effect of the former 

vel ffi 
relative to the plane SJ, has been found == — ; ,. , .sin /.cos IE. 

^ vel light 

= pdv .sin J« cos JE, supposing the mean distance of the Sun 

and Earth unity. But since aberration always takes place in 

a plane passing through the star parallel to the direction in 

which the Earth moves, the effect of the Earth's velocity dp 

Cakes place in the plane SE, and if Ss represent it. 



* This article d^ends on the formulas of the succeeding chapter, and 
requires the previous perusal of it. 
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Ss=:dp . sin SE ; 

therefore the aberration Crom SI (as) 

= dp . sin SE . sin ESI 

= dp . sin / . sin IE, 

and the whole aberration 

s=pdv . sin I, cos lE + dp . sin / . sin IE (!)• 

Now p^dv = (I — €^)idm ; 

J y. 2M J 1 +eCOSt> 

= ^m . (1 + 6 cos v)^ neglecting the square of e 
= 20".25 . (1 + e cos »), nearly. 
But if n be the longitude of the perigee^ 

v = — longitude of the perihelion 
= 180+0 -(180 + n)= o -n; 
/. prfr = 20".25. {l + e cos (0 — n)}, 

1-e^ 

and dp^d , — • = d»(l — e cos y) 

•^ l+«cosv 

sseisin v.dv 

= 9Xf ,9^5,6 sin ( — 11) very nearly ; 

therefore substituting the values of pdv and p\n{\\ the whole 
aberration 

= 20^.25 . {sin /.cos IE . [l +e cos ( — n)] 

+ sin e • sin ( — n) . sin I . sin IE} . 

214. The aberration caused by the eccentricity 

20".25 . € . sin I . {cos IE . cos ( O — n)+sin IE . sin ( —11)} 

= 20".256. sin J.co8(J£ + n— 0), 

« 

which cannot exceed 20".25 e or 0'\^5, and may therefore be 
neglected. If^ however, it should be thought useful to have 
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the aberrations caused by the eccentricity, they may be easily 
obtained from the preceding values of / and IE. The aberra- 
tions thus deduced by Delambre^ (Astronomie Lecon, XIX.) 
are 

aberration in longitude 

= — 0".34 . cos (n — /) . sect \, 

aberration in latitude 
= 0".34 . sin X . sin (11 — X), 

aberration in right ascension^ 
= — 0^'.34 . (cos w , cos a . cos n + sin a • sin 11) • sec Sf 

aberration in declination 
= 0".34 . {sin S . (cos cu . sin a . co^.!! — cos a . sin n) 

— cos 5 . sin u) . cos n } . 

215. To find the coefficient of aberration from observations 
of the stars without previous knowledge of the velocity of light. 

Let a star in or near the solstitial colure be observed at the 
time of the vernal and autumnal equinox, and let the difference 
of declination at these times caused by aberration = X); then 
for this star sin a may be taken =1, and cos a = 0; therefore, 
denoting the required coefficient of aberration by x^ we have, 
since O =0 at the first, and 180 at the second observation, the 
aberration at 

the vernal equinox = x . (sin S . cos co — sin w cos ^), 

autumnal ••••••••=— ;r(sin Scos cd — sinoi cos ^\ 

/. D = 2 x" sin (5 — ft)) ; 

•• """"*• sin (S-ft,)' 

21 6. The tables of aberration may be made use of in cal- 
culating the values of the annual parallax of the fixed stars, a» 
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the formulae by which both, tbeae quaotities are expressed^ have 
A close analogy. If 180®+ be substituted for © in Art. 179, 
and the parallaxes are considered additive to the true latitudes 
and longitudes, we have 

the parallax in longitude = — . — , 

cos X 

. . I, cos (/— G ) 

• « aberration = - 20 .25 . ^ , 

cos \ 

the parallax in latitude = — . sin X . cos (/ — G ), 

. . aberration = - 20".25 . sin \ . sin (/ — G )• 

Let a and j3 be the aberrations taken out of the tables of aber- 
ration for the Sun's longitude 90 + ; 

,, ^ sin (/ — G ) 
cos A ^ 

j3 =s - 20".25 . sin X cos (/— G ); 
,'. the parallax in longitude =5 — n^-^oL^ 

10 .aO 

. . • latitude = T, ^ . p. 

10'.25 ^ 



The annual parallax in right ascension and declination may 
be deduced in a similar manner from the aberration in right 
ascension and declination. 

From the comparison of the expressions for the aberration 
and parallax it appears, that the parallax is greatest when the 
aberration is least^ and conversely, 

217* The diurnal motion of the Earth combined with the 
motion of light will also cause a small change in the places of 
ihe stars^ but too small to have any observable influence^^ except 
perhaps on fhe right ascension of stars near the pole, Th^ 
coefficient of this aberration for a place whose latitude it / 

S 
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^ vel of die place ^ vel of equator . cos I ^ tt ^ j 

"^ vel of light "" yel of light — • » j* 

218. To find the aberration in light ascension af id declination 
caused by the diurnal rotation. 

Let IE (fig. 39*) be the equator, P its pole, If the place of 
an observer's zenith^ referred to the equator in E, PSI the 
declination circle through a star S, SS^ the deflection from the 
declination circle caused by aberration. Then^ as in Art. 208. 
the aberration in right ascension 

SSf 
coso 

0".S • cos I , ^ _„ 

s5 — . sm / • cos IE 

cos o 

_^ 0'\3 cos /.cos A 
cos S * 

h being the hour angle IPE. 

Next, let IS (fig. 40.) be a circle perpendicular to the decli- 
nation circle PS, and E, as before, the place in which the 
observer's meridian meets the equator ; then the aberration in 
declination 

= — 0".S cos I . sin J. cos IE 
= O'^S cos 2 sin S. sin h, 
since EI = 90^+ h. 

21Q. To find the effect of aberration on the Sun, Moon 
and planets. 

Let p and e (fig. 44.) be cotemporary positions of the Eardi 
and a planet, P and E other cotemporary positions after an 
interval (f) in which light moves from p to e* Then if the 
Earth were at rest at £, the planet would be seen by the ray 
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pE^ emitted when the planet was at p. Take now Ee=iEe, 
and complete the parallelogram Eq, then pEq is the aberration 
caused by the Earth's motion ; therefore the whole aberration = 
PEq, or the planet, when at P, will be seen in the direction 
Eq. But P£y = P£p+|>£y = PjBp + jEpe = the motion of 
the planet round E at rest + the motion of E round p at rest 
= the whole geocentric motion of the planet in t", which, if m 
be the geocentric motion of the planet in V =:mt. Now if D 
be the planet's distance from the Earth, considering the distance 
of the Earth from the Sun unity, 

1 : D :: 8' 13" : t-D.S' 13". 

Therefore the aberration = m. 8' 13" D. 

•f 

This aberration may be resolved in any direction, and will pre- 
serve the same ratio with the planet's geocentric motion resolved 
in the same directions, so that 

r = il - i» 8' 13^'. D, 

where T is the true and A the apparent latitude, longitude, 
right ascension or declination of P, and m the increment of 
the same quantities in l". 

Fig. 44. represents the planet's motion retrograde, if the 
motion be direct as in fig. 45. PEq = PEp^Epe^ ^^s before^ 
the geocentric motion of P round E in t'\ 

220. The apparent places of the fixed stars are found to 
coincide so exactly with the places deduced from the formulas 
of aberration as to leave no doubt of the truth of the hypotheses, 
upon which the formulas are constructed. This affords the 
most convincing proof both of the motion of light and of the 
real motion of the Earth round the Sun. 



CHAP. XII. 



THE THEORY OF ELLIPTIC MOTION. 

221. The path of the Earth round the Sun^ or (which has 
been shewn to be the same thing) the apparent path of the Sun 
round the Earth, lies in the plane of the ecliptic. This plane 
has its position in space sufficiently deterihined by the latitudes 
of known fixed stars, and has been determined with reference to 
the equator, by the obliquity and place of the equinox, 

229* If the Sun's path in the ecliptic were a circle having 
the Earth in its center, the Sun's apparent diameter would be 
the same at all times of the year, but the Sun's diameter 
varies in the course of a year, from the greatest l6' 18" 
to the least Id' 45'^ the maximum and minimum taking place 
at an interval of half a year, and after a motion of 180^ of 
longitude. 

223 f The Sun's diameter, on account of the greater ac- 
curacy of the method, is not observed directly, but is calculated 
from the observed time of transit of the Sun's disk over the 
meridian. If t be this time, and T th^ time between two suc- 
cessive transits, 1^ : t :: 3pO° *: Sun's diameter, supposing the 
Sun to be in the equator. When the Sun is not in the equator, 
since the arc it describes is part of a small circle, the diameter 
found ^s above must be diminished in the proportion of cosine 
of declination : radius, 

224. The curve which the Earth describes round the Sun is 
an ellipse. 
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Let A and A' be the greatest and least apparent diameters of 
the Sun, 5 any other diameter^ a + ae, a — ae, and p the cor- 
responding distances of the Earth and Sun, and I, Z+180, 
Z + r the corresponding longitudes of the Sun. Then, by 
comparing the observed longitudes and diameters of the Sun 
at different times, it appears that A — S, the decrement of the 
Sun*s diameter, varies as the versed-sine of the difference of 
the Sun's longitudes, or as 1 — cos v ; 

.*. A-A' : A — S :: 1 - cos 180 : 1 — cost;; 

/. (A-A0.(l-cosi;)=2A— 2S; 

••. S = A-^.(A— A').(l— cost?) 

= §(A + AO+i.(A-A').cost^; 

or, substituting for S, A, A', the reciprocals of p, a — ae, 
a + a «, to which they are proportional. 



+ — -■ . cos V. 



p a.(l— e^) a.l— e 

This is the well known equation of an ellipse having the Earth 
in its focus, and whose major axis passes through the places of 
the greatest and least apparent diameters. The extremities of 
this axis are called, with reference to the Earth's motion round 
the Sun, Aphelion and Perihelion, and with reference to the 
Sun's apparent motion round the Earth, Apogee and Perigee. 

Def. The angle described by the Earth round the Sun 
from perihelion in any time t, is called the True Anomaly (v). 
If a body revolve round the Sun with a uniform angular velocity 
in the time of the Earth's motion round the Sun, the angle de- 
scribed in the same time t is called the mean anomaly (rn) ; 
therefore, if P be the time of the Earth's period, or one year. 



m = 360^-^. 



t 
P 
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22&. The anomalies are often reckoned from the aphelion 
instead of the perihelion, and any expressions in vhich they 
occur, may be transformed from the one to the other^ by sub* 
stituting for v and m 180® — v and 180® — m. 

226. Having calculated the • Sun's longitude on several 
successive days from the observed declinations, the increment 
of longitude, or the increment of true anomaly in a given small 
time, is found to vary as the square of the Sun's apparent di- 
ameter, or inversely as the square of the distance. If, then, dv 
be the increment of true anomaly in the time dt, dv varies as 

-^; therefore, p^dv is constant; but ^p^dv is the area de- 

r 

scribed by the Earth round the Sun in the given time dt \ 
therefore, as this is constant, the area described by the Earth 
round the Sun in any time varies as the time. 

If the planets' places are calculated upon the hypothesis of 
their n^oving in the same manner as the Earth round the Sun, 
describing equal areas in equal times, the observed places agree 
with the calculations, which proves the truth of the hypothesis. 

The squares of the periodic times of the Earth and planets 
round the Sun, are found by observation to vary as the cubes 
of the mean distances. This, together with the elliptic motion 
of the planets, and the equal description of areas in equal times, 
form the three laws, originally discovered by Kepler, and on 
which Newton's theory of universal gravitation mainly depends. 

227. To find the motion of the aphelion. 

• 

The Earth's motion in longitude is the same at equal distances 
from the aphelion ; if therefore Z/ be any longitude of the Earth, 
before, and U the longitude after passing the aphelion when 
the Earth's motion (or the Sun's apparent motion) is the same as 
before, ^.(Z/' + X/) is the longitude of the aphelion, supposing 
the equinox from which L and U are measured to remain 
fixed during the interval. \i p be the precession of the equi- 
noxes whilst the Earth's longitude increases from lu to Jil^ 
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j^»(I/ — p + X) 18 the longitude of the aphelion. From 
comparing the longitude of the aphelion determined in this 
manner^ with its value found after an interval of four or five 
centuries^ it has been found that the longitude of the aphelion 
has an annual increase of 62"^ from which, subtracting the 
precession, there remains 12^' nearly for the annual motion of 
the aphelion. 

Although the above method does not ascertain the place of 
the aphelion very correctly, on account of the difficulty of 
observing when the SunV motions are exactly equal, yet, on 
account of the great interval between the two determinations of 
the aphelion, the motion of that point is determined with great 
accuracy. 

228. To find the longitude of the perihelion^ and the time 
of the Earth* 8 passing through it. 

Let EAP (fig. 46.) be the Earth's orbit round the Sun S, AP 
the line of apsides, E the Earth near the aphelion at the time T, 
^E the Earth near the perihelion at the time T'^ Aa^ Pp the 
motion of A and P whilst the Earth moves from E to E\ 
Now, the Earth's daily motions in longitude at E and JET being 
near, the maximum and minimum may be considered uniform; 
if, therefore, they be represented by a and p, and x and y be 
the respective times of the Earth's moving from E to A, and 
from Ef to pf ASE=:aXy ESp=py, Let ES^p the lon- 
gitude of E = Ir, E^S V ' the longitude of Ef=sL'\ therefore, 
since the time from £ to JET is half a year nearly, cf S <f ' = 2^"> 
and we have 

the longitude of the Earth vlX A = L + ax, 
P = long. atp— 6" 

= r+py-6"; 
.*. long, at P — long at AssL' -^L +py --ax - &\ 
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.*. y= ^ . 

p — a 

But 182^ 15^ 6' 59^', M^hich is half the time of an anomalistic 
year {M), = the time of the Earth's moving from perihelion to 
aphelion 

1800+31" + L-L'^a . (M- T + T) 

and y = ; 

p — a 

therefore^ the longitude of the perihelion at the time T' 

and the time of the Earth's being in the perihelion 

are both determined. 

Cor. 1. The longitude of the perigee =-L'+l>y— 180. 

Cor. 2. If ir be the longitude of the perihelion, and I the 
longitude of the Earth seen from the Sun^ or, as it is called, 
the heliocentric longitude of the Earthy then« the corresponding 
true anomaly t? = / — t. 

229« To find the eccentricity of the orbit described by the 
Earth round the Sun. 

Let e be the eccentricity, considering the semi-major axis 
unity; therefore, {a and p being as in the last Article) j.(l+6)*a 
and |-(1 — e)*.p are the areas described round the Sun in equal 
times, when the Earth is in the perihelion and aphelion, and, as 
these are equal, 
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'. (,1+e) i^/a=l—e, i,y p; 



• • 






230. 2d. method, t may also ^ be determined from the 
greatest and least apparent diameters of the Sun^ if these are 
A and tl, 

1+e : 1 — e ::, A : A'; 

A- A' 



.*. « = 



a+a'* 



231. To find the mean distance of the Earth from the Sun. 

Let a be the mean distance of the Earth from the Sun^ p 
any other distance, v the corresponding true anomaly^ measured 
from perihelion ; then^ if I be the heliocentric longitude of the 
Earth deduced from an observed longitude of the Sun, and w 
the longitude of the perihelion, 



a . 1 — e* 



P ^ T'm T • 

1 +e. cos (/— tt) 

In this equation e, /, and ir are known ; therefore, if any 
distance p of the Sun from the Earth could be found, a would 
be known. A mode of determining accurately the Sun's parallax 
will be explained in a subsequent Chapter, and from this p,- and, 
therefore, a may be obtained. 

932. In elliptical orbits of smaU eccentricity, the angular 
motion round the farther focus is nearly uniform. . 

Let P (fig. 47.) describe an ellipse of small eccentricity round 
Sy and let H be the other focus ; let PHA = 0, and let a, e, 
V be as before. 

T 
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Then °;^"'' + '''^~'\ =SP + HP = 2o; 
I+eco8t> _.l — ccos^ 



g.l — e .esJDP dv a.l— c . esin^ ''^ _n 
(l+ecos»)' 'dt (1— ecos0)' * <i* 

Or SP*. sin «.^~HP«. sin 0.^^ = 0; 

dt ^ dt 

• dv 
But 5P • —( = 2. area described round S in JO is constant^ 
at- 

, sin d> SP 

and -T — ^ = TT^ J 

sin V HP \ 



.\ SP . HP . -^ is constant ; 

dt ' 

rf0 1 1 -: ■' 

••• "dl °" spThF^vT^' "^ «^=«+^' «»<» HP=«-^ 

1 x^ 

oc -^ T+ 8cc. 

a a 

oc -J nearly, 
a 

since x is very small compared with a. Hence^ the motion 
round H is nearly uniform, and much more so than that round 

S (—}, which varies as --^, or as ==^, that is, as 

1 2 X 
— 5 — -r- nearly. 



- !233. Given the mean, to find the true anomaly^ in orbit's 
of small eccentricity. 

The same construction remaining, take PHA (fig. 47.) for 
the mean anomaly (m), produce HP to D, making PDssPS^ 
or HD ss9,a, and join SD» 

4 I 

Then 
HD+HS:HD-HS::t2in^.(HSD+HDS):Uni.{HSD-HDS). 
Or2a + 2ae : 2a-2ac :: tanf.DHJB : tan |.H5P; 

since PSD = jBTDS. 
Or 1+e : 1 — € :: tan ^.(180-i») : tan-|.(180r-i?) 

:: cot i m : cot | v ; 

.*. tan i\o) = . Utn*m. 

• 1— c 

This equation determines v very nearly from m in orbits of 
small eccentricity. 

234. If PSB = V, and PifjB = m, the equation becomes 

fl — c 
t? = — 7— . tan f m^ 

which is the same as would have been deduced by changing e 
into — e. Any other expressions depending on the anomalies 
reckoned from, perihelion^ may be changed in the same manner 
into equivalent expressions, where these quantities are measured 
'from aphelion, as is obvious, since the equation 



1+c cost; 



a A — e 



• becomes p ?= -7 ". j ^ 

■ '^ 1 — e cos V 
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upon changing e into — e, M^hich is the same as if v had been 
changed into 180 — v. 

23&. To find the relation between the true and mean 
anomaly. 

Let m be the mean anomaly at any time t (t being expressed 
in days) from perihelion, then, P being 365^.2542, we luive 

2gr 

_ Stt _ 

.*. dfn^ -T^ • dt» 

T 2 1 !• ^^ fi / ■ ■ o ^t 

But ^/o at?= ellipse. — =7ra/^l—c.—; 

•*. a ,f^\^*e .dm=sp dv 

a\(l^ey.dv 



.*. dm^ 



{l+e cos v)* * 
(1 -.«')». rfv 



(1 +ecost?)* ' 
/. dm.(l+eco8vf=il-'e^)*.dvi 

.. dm.U+e.'^^^^X ^{l-e^.dv 
I l+tan*it?> 

^,, fxA J.tan:|v 
= 2(1 — c')t. ^ 



«T-; 



1 +tan**|-v 



/. £fwi.(l+e+l-etan'it?y = 2.(l-e*)*.Jtanit;.(l+tan'|-t?). 
Assume (1 — e) . tan* -j^ t; = (1 + e) . tan* ^ u ; 
••. rfm.(l+e)'.(l+tan'^tt)* 

= 2(l-e')».(i^)^dtaniu.(l + i±-^tanf|^ 
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.*. dm = 



l + tan'^tt' l+taii*^tt 



=^du ..{l— « cos w} ; 
/. m = u—e sin w. 
The elimination of u between this equation and the equation 

tan^t;= V .tanfu. 

^ 1 — c 

will give the relation between m and v. 

5236. The relation between the true and the mean anomaly 
may be also deduced simply from geometrical considerations. 

Let P (fig. 48.) be the Earthy S the Sun, APB the ellipse 
described^ C its center^ PN an ordinate meeting the circles de- 
scribed on AB in Q; join SQ, SP, CQ; let BSP, BCM the 
true and mean anomalies be measured from the aphelion B^ and 
let BCQ = Uy which angle is called the eccentric anomaly. 

Then if CN=iXj and t be the time from aphelion to P, . 

9,7r BSP 
P ellipse 

BSQ ^ 
ira 

But BSQ = BCQ + SCQ 

= i a*tt+ f a^ . a sin ti ; 

.*. m = u + esinti. •• (1). 



Again /o* = ae+x^ +y* = a7+^ + --5 . QN* 



a 



5= aT+T)' + a*. 1 — c*|. sin' u 



idor 



^ ' . - •* 



= (ae + a cos fi)* + o*. 1 — e*. sin' u 
. = a^ (1 +2e cos m + e^ cos* ti) ; 
/• p = a.(l + e cos ti); 

/• coa.<; = 

P 

• __ ac + a cos u 

a.(l+«cos w) 

6 + cos U 

1 +e cos u^ 

m 

1 — COS V 1— c — 1 — e , cos u 

• —_— — .^—^—^^ — . .______^.^__^^___^__^_^_^^^ 

'*l + cost? l+e+\+e.co8u' 

1 — e 
. or tan* iv = — ; — . tan*^tt; 
* l+e ^ ' 

.*. tan ^-t? = v . tan ^2^ . . • . (2). 

Therefore, eliminating t^ between the equations (1) and (2), the 
relation between m and t? may be found. 

237* Measuring the anomalies from perihelion, or substituting 
for the angles u, v, m^ their supplements^ the preceding equations 
become 

971 = u — e sin u (l). 

tan ^v = V . tan ^ w (2). 

The other equations in the preceding article become 

p =z a . (1 — ecos u) ". (3), 
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COS V = ' (4). 

1 — e cos u 

and .therefore cos u = (5). 

1 + e cos V 

238. Given the mean anomaly^ to find the true in orbits of 
small eccentricity • 

If e be small, u^m^esmu is a small angle^ and does not 
differ much from its sine; let, therefore, u be an approximate 
value of u^ such that 

sin {u — w) = e sin w'; 

sin u' + sin {u —m) 1 +e 
sm M — sm (m — iw) I — e 

tan (i*' — 4 wi) 1 + e • 
tan ^ m 1 — c '. 

1 +e 
.'. tan (u — I m) = . tan \ iw, 

which determines u . 

Let now M = m' + 0* where since u ^=^u nearly, (f> is very small; 
•*• tt'+0— w = e 8in(M' + 0); 

= e sin w' + e cos m'. 0, nearly ; 

m + e sin u — u' 
^ 1 — e cos u 

Having thus determined a near value of 0, let u+<f}=^u"y and 
let u = u' + <pi'; then, as before, 

+ ff If 

e sm w — w 

© = -. — . 

1 — ecos u 

In the same manner we may go on approximating, till u is 
known to any' required degree of accuracy, when v may be 
found from the equation 



V^K/'-^' 



tan i v = V . tan i u. 
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239* To. find the true anomaly in terms of the mean in a 
teries ascending by powers of e. 

/\^te 
Since tan j t; =^ v . tan ^ u = n tan | m, (by substitution) { 

.\ \'o^\u'\ .sinM+f . ( — —J .sin2ti+&c.(Art.62.)f 

or, making c = so ^ — ^ = ^l. ^ 

t; = ii + 2(c8iu M + ^ c^ 8in2M+-|-c' sin 3tt + &c (l). 

Now, by Lagrange's theorem^ if v =/*(t«), (f representing any 
function of ii), and 

u^m + e sin t«^ 
f(u) =^f(m) + sin wi ./^ (w) . c + { sin* m .f (m) }'. j e* 

+ {sin'm./(wi)r. le^ + &c.; 

o 

.*. 1^ = 972 + sin m.e +2 sin m cos m.-Jc' + fcc. 
sintisssin m + sin m cos ^.^4* Re- 
sins ti = sin 2m + 8cc. 

Also ^i/l— e*=l-^e*-|c*+&c.; 
.-. c = ^e+|-e' + &c. 

Substituting these values of u, sin t/, &c. in equation (l)^ neg- 
lecting the cube and higher powers of e, we have 

x;=:m + sin m.e+sin 2m .^^ + &c. 
+ 8in w.e + sin m cos «i.e* + &c. 

+ sin 9.m .^c' + &c. 

5 

= w + 2 sin m.e + - .sinSw. e*+&c. . . (2). 

4 



163 

The approximation has been carried on as far as e% merely to 
shew the method J which, if }a obvipus mayjbe extended to any 
higher power in the same manner. See Delambre, Abrege 
d^Astronomie, p. 156^ where the expansion, is carried on as far 
as e". 

240; }f, in Lagrange's theoreip, we ma)Le 

f{u) =B M + 2 (c rin a + j«* sin^t* + &c.); 

•% y*(«») ==.»* + 2 (c sin m + |-c;* sin im+ &c.)> 

and f'(m)= 1 + ? (c cos m -y f? cos 9,m + &c.) 

therefore denoting this quantity by M, 
» =s»« +2 . (c sinw -f ^ <^.«m 2m + &c.) 

+. 3f sm i» . <! + C^ sin'.my. 1 c* + (M sin' m)". 2 e' + &c. 
' - . - o ■ 

where the law of the expansion is evident. 

241. To expand the mean anomaly ^n terms of the true. 

• . . ' 

e + cos V 



Because cos u = 



1 + c cos p ' 

sin V 



.*. sinu =5^1— cos*i* = x^ 1 — c* . ~r 

Also, smce c ^ ; 

. . ^ e 



ecos V 



• 2^ J / i ^^^* 



1 — c* sin t> 



.*. sm u = 2 . 



1+C 



1 + . 4 . cos t) 



sm V 



= (1— c*). . g ^ . 

1+c +2c cost; 

Let 2 cost) = a: + a^~*; 



U 



•% amu ss 
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2V-ri+«^+«.(jp+a:"^*) 



_ l-'C* I a? — caj^ + cV -fee.) 

= 1 — c' {sin «— c sin 2t>+c^ sin Sv — &c}. 
Now if tan |- u s= n tan I't'^ 

i-tiasXt^ ^ —.sin © + 1^ • ( — tt) • "° ?» + &c- 




But in thb case, since tan |-t« = v — -- • tan I* t^, 

w + 1 A/l-^ + Vl + e 
.*. w=st>— 2csint> + 2.— sin 2t) — &€• 

Theref(H*e, ^ubs^uting the values of u and sin ti in the equation 

m'^U'^e sin u, 



i7} = t; — (2c+e . 1— c ), sin t)+(c+«c . 1 — c*). sin 2t)— ficc. 

Def. TAf equation of the center is the difference between 
the true and mean anomalies, and may be obtained from Art. 240. 
in terms of m, and from Art. 241. in terms of v. 

242. To find the greatest equation of the center. 
When the equation of the center is a maximum, 

put am = ■ ■ '^ 

(1 +c cos V) 
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••. (l+e cos rff «!—«*}* J 



3 



.*. 1 +ecoB © = 1—^1 ''; 

- . cos V sa — — — JL. 



Again^ p = a . (1 — c cos ii), 

or - — j^ = a • ( 1 — « cos u) ; 

(l+ccost;) ^ ' 



i 



.*. 1— C*l :sl— eCOSM, 



since l+e cos t;s=:l— yP; 

.*. cos u = ■ . 

e 

From these equations t; and u may be founds and then m from 
the equation 

in=:ii — «sinti« 

The difference of the values of m and v thus founds is the 
greatest equation of the center. 

243. Second method of finding the greatest equation of the 
center. 



Because tan ^t; = v . tan ^-k ; 

.•.ta„i.-.tan§u = tani«{\/i±£-l}; 
multiplying each side by cos |^ v • cos f ti ; 

sin ^ («— w) = cos ^ t; . sin "1^ w . j y "" ^ I * 

. J , . sin ti cos 4- c' f 

.'. smj[(v^u) = '. 7—. i 

'^ 2 cos^o ( 
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But cos' 4- f = ^ • (l + cos v) 



-* ( 1 — c cos u) 



2 ' 1 — e COS tf 



1 — e . cos^ i u 



1 — e cos u 



2 

9 



, i\/l — c . cos i u 
.•. cos it) = -2: 5—; 

(1— ^cosm)* 



. sin u f >/l+e-Vl-e\ 

. . sm i(tJ-ii) = i— ; — i-^^^^ 3 — f . 

2"^ 2 I (1-ecosu)* i. 

Let essine. 

Then, when the equation of the center is a maximum^ 

1 — e cos u = cos^ e, (Art. 242), 
and ^ I +sin e— ^1 — sin€ = 2 sin^-c, 

(by the formula of verification); 

• I, \ • sin|-€ 
.'. sin^C^— tt) = 8in u. — f~; 
2 cos* 6 



, sin u . sin ~ 6 

.*. t?— w = asin~ . 4 , 

^cos € 

and u — m = e sin 11 ; 

.*• t;— m=t2 sin \l — 4y — I + 6 sin I/. 

^ i^ cos € 

This expression for the greatest equation of the center may^ if 
requisite, be etpatided in powers of e, substituting for cos u its 
value 

. . -^—^ ^ V (Art, 24«.) 
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fi44. In orbits of small ecceDtricity, v = m + ^e 8\n m, 
nearly; 

.*. tJ— m = 2e 3in m, (Art 239.) 

the maximum value of which is 2e; therefore in orbits of small 
eccentricity, the greatest equation of the center e^ual twice the 
eccentricity. 

If the anomalies are measured from the apogee, the greatest 
equation of the center is the greatest value oi m — v, which = — 
the greatest value of v~^.m; therefore the greatest equation of 
the center must change its sign, when the anomalies are mea- 
sured from the apogee^ that is^ when e is changed into "-« 6^ 
hence the greatest equation of the center can contain only the 
odd powers of e, and the preceding result which is obtained by 
neglecting e*y is the same as would have been found by neglecting 
6^j and higher powers. 

245. Given the time of the year, to find the Sun*s longitude, 
and conversely, given the longitude, to find the time. 

Let T be the time, t the time of the Sun's passing th^ 
perigee, s the Sun's mean daily motion; then 8.(T^t) is the 
Sun's mean anomaly, and if to this be added the equation of the 
center JE, we get s (T -- 1) + E for the true anomaly; and there^ 
fore s.(ir— f) + JE+i> for the Sun's true longitude /, p being 
the longitude of the perigee. . If the longitude I be given, to 
' find the time IT, we have given / — j9 = the Suns true anomaly, 
from which, subtracting the equation of the center, we know 
/— j>— £ the mean anomaly, and therefore 



.\ T = t + 



s 



246. As the planets revolve round the Sun iu the same 
manner as the Earth in orbits of small eccentricity, the preceding 
equations may be applied to the determination of the planetary 
motions^ 
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If m be the mean anomaly in a planet's orbit corresponding 
to a time t from perihelion^ we have, as for the Earth, 

360 
m =3 — ^ • ^» 

Jr 

But if a be the mean distance of the planet^ 

P : 1 year (1) :: a* : 1* ; ^ 

^360 
•■*• fn =s » • ^9 

a* 

t being expressed in parts of a year, and a in parts of the 
Earth's mean distance. 

The orbits described by comets are very eccentric ellipses^ 
which^ with few exceptions, may be considered as parabolas for 
those parts during the description of which the comet is visible 
ihun the Earths The consideration of the circumstances of a 
body's motion in a very eccentric ellipse^ is not sufficiently 
elementary for the present work. The two following propo- 
sitions, vnllj however^ be of use in the next chapter. 

# 

247. To find the radius vector, and the time corresponding 
to a given true anomaly, in an orbit where e=lj nearly. 

Assuming as before^ 

a.l-e^ 
I + e cos V 

„ l-tan'^^v 

But 1+e co8t? = l+e. — : 5-4— 

l + tan*^t? 



sec* ^ V 



=co8*it?. {l+e+l+e. tan* l-ti}; 



a.l — e __ cos*jM 

'• P ^ cos*it;.(l + tan^f w) ""'• ^ "'' ' cos*f 1? 



1&9 



COS* 'ku 

COS* i V 



p being the perihelion distance a — ae. 
Again d^ = , Art 246. 

= :; — 7—; ^ • Art. 245. 

27r(l+eco8 t?) 

Let jrss 1 ^e» where^ since e is nearly equal to 1^ or is very 
small; 

a — ae p , p 

,\ X = = ^ J and a = ^ ; 






\x/ * TT * (1 +« COS t))* * 



, - d tana 4t7 

but a4-f' = 



_ dy 



2 l+tan'iw* 

^, (making y = tan i. t?). 



1— y 

and 1+e cos© = 1 + 1 — x . , , g 



1+y 



2 — JT. 1— y* 
1+7—' 






neglecting jr*, af, &c. 
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+ (^.taii|t;-^.tan'|« + J tan*iv)a:} ... (2). 

248. Cob. When x is 0, the curve described becomes a 
parabola^ and the equations (1) and (2) become 

^_ P 
'^"co8*i»' 

t=-^ . {tan it; + J tan' 1 1;}, 

which may be applied to the determination of the motions of 
comets, since very few of their paths differ sensibly from 
parabolas^ whilst they are near the Earth's orbit. 

• • * • 

249. Tojind the time of describing a given parabolic arc. 

Let QR (fig. 49«) be the arc of a parabola^ Pv (x) a diameter 
bisecting the chord QR in v. Join SP (y)j SQ, SR, and 
draw Ppy Qj, Rr perpendicular to the directrix yr. Then^ 
by the property of the parabola, Px^Pu, Qq:=SQ, JBr=SjR; 
therefore, 

y + x^pv = i.(Qq + Rr)^i.{SQ'hSR\' 
mi 9,,^/yx = Qv =i.QB (I); 



.•. y±^s/2/x + x = i.(SQ+SR±QR). 
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v. y =i.(a + i3)^ a^ = :^.(a-i3)^..(2). 

Let now ^ be the time from Q to R, a the area described 
round S in the unit of time^ v the velocity at P,' and the 
angle SxQ^ which is the same as that between SP and the 
tangent at P ; then 

SQPR = A SQR + QPR 

= ^QR.(y-x)sine+lQR.xaine...(fi). 

Buty if m be the force at a distance unity from S, 
/. fl = i V |5 • -^P sin = 1 ^Ti^ . sin 



= 1 y^ . QR .ain from (I). 



Therefore, dividing SPQR by a, we get 



8 



O ft J^ 




2m 
2 



2 



3.^2 



m 



{a« + a)3 + j8*}.(a-/3) 



.{«'-/3'} 



— 5= {(5Q+QB + SR)*-(Sa+SiJ-Qii)*}. 
6,^ m 



162 

If a day be taken for the unit of time, and the radius of the 
Earth's orbit for the unit of distance ; 

__ orbit ^ IT 
^^•®*-i.l.vel.of®-XV^' 

1 365 



• 



" 6 Jm IStt' 



and the time of describing QR 

= ~ . { (SQ+ SiJ + QR)I - (SQ + 5U - QU)f. 



CHAP. XIII. 



THE EQUATION OF TIMB, 

250. It has been before observed that a fictitious Sun de- 
scribing the equator with the Sun's mean motion in longitude would, 
by its presence on the meridian, mark the mean time of 12 o'clock, 
and its hour angle at any other instant converted into time would 
be the corresponding mean time* In the same manner, the 
apparent time of noon, and the apparent hour at any other 
instant, may be deduced from the presence on the meridian^ and 
from the hour angle of the real Sun. The difference of the 
hour angles of the true and mean Sun, or, which is the same 
thing, the difference of their right ascensions when converted 
into time, is the equation of time expressed in parts of mean 
time. 

251. To find the equation of time^ 

Let / be the longitude, a the right ascension, and L the mean 
longitude of the Sun, or the right ascension of the fictitious Sun, 
all measured from the mean place of the equinox unaffected by 
nutation, l\ a ^ U the same quantities measured from the true 
place of the equinox ; and let r be the reduction of the Sun's 
longitude to the equator (Art. 79.), or let /+^ = a« 

Then a' = /+ r — 18".03 cos w . sin J Si, (Art, J96.) . 

L'=^ L - 18".03.sin J ft; 

therefore, the equation of time 
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= — . {/— L4-r+18".03.8in J Ji .(1 - cosco)}.. 

To this must be added a small quantity — . P, arising from the 

15 

disturbing forces of the planets, on the Sun's longitude, the 

calculation of which depends on Physical Astronomy ; therer 

fpre^ the whole equation of time 

= — .(/-jL+r- 18" .03 .sin 2) ft . 1 - cos c»)^ • P. 

15 ■ .. * 15 • 

If w == 23^ 2^', the equation of time 

?= — .(/— L + r+P) -|-0".099sin Jft- 

15 

252. The true longitude may be obtained in terms of die 
mean, or conversely, by the equaitioiis of the preceding Chapter^ 
and thus the equation of time may be determined in terms of 
the true or mefin longitude of the Sun ; Littrow, (Vol. II. p. 71.) 
has given expi:ession§ in which the equation of time is expressed 
in a series of sines and cosines of multiple arcs of the true^ 
and also of the mean longitude of the Sun, from which tables 
may be constructed *. 



* If £ be the equation of time, calculated upon the supposition that 
the eccentricity of the Earth's orbit =.016791, the longitude of the 
perihelion (p) =279'' 29' 33';, and the obliquity =23o 27' 57'\ which 
values are nearly sufficient from the year iSOO to I9OO, 

JS=46l".786 sin (/-;>)- 593.146 sin 2 / 
- 2.907 sin 2 (/-/>)+ 12.793 sin 4 ^ 
+0.022 sin3 (^-p).- 0.368 sin 61 



+0.099 sin }) SI + L P. 

Id 



Or 



165 

253. The equation of time in the Nautical Almanack is given 
only for the time when the Sun is on the meridian of Green - 
vnchy and for any other 'time^ or when the Sun is on any other 
•meridian^ the proportional part must be taken. Let E and If 
be the values of the equation of time on two successive noons^ 
taken from the Nautical Almanack, E+.AE the equation of 
time at some intermediate instant^ when the Sun is on a me- 
ridian hP west of Greenwich. Then^ the increment of E may 
(be considered proportional to the time, or to the hour angle 
.^escribed by the Sun nearly ; 

.'. 360^ : A' :: E'-E : AE= -^..(E'-E); 



sm 



K 







,'. E+AE = E+-^.(.If-E). 

^54. From the expression for the equation of time (Art. 251.), 
it appears that if the Sun moved uniformly in the ecliptic, or 
l=sL, thq equation of time would still vary on account of the 
variable reduction r, and if the ecliptic coincided with the 
equator, in which case r would equal 0, the equation of time 
'Would change from changes in the quantity I — L; therefore, 
the -equation of time may be considered as arising from two 
clauses; the obliquity of the ecliptic, and the Sun's unequal 
motion in longitude. The effects of these may be considered 
separately, by conceiving a star to move uniformly in the ecliptic 
with the Sun's mean motion in longitude ; then, the difference 



Or E=79".36 sin L-597.08 sin 2L- 3.42 sin 3 L 
+ 13.25 sin 4 L+ 0.15 sin 5 L— 0.40 sin 6 L 
-4-435.8 cosL+ 1.6 cos 2 L— 18.8 cos3L 
— 0.2 C0S4L+ 0.9 C06 5L 

+ 0.1 sinJil^ 0.1 sin(2L+})a)+ 4^- 

ID 
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of the times of transit of this star and the Sun over the meridian, 
would be the equation of time caused by the Sun's unequal 
motion in the ecliptic^ and the difference of the times of transit 
of the star, and the fictitious Sun in the equator, would be the 
equation of time caused by the obliquity. 

255. To compare the Sun^s motion in longitude and right 
ascension. 

Let 0), ly a, £ be, as before^ the obliquity, longitude, right 
ascension and declination of the Sun. 

Then cos (o = tan a . cot /, 

Or tan a = cos (o . tan / ; 

da cos w.dl cos to •dl 

COS a cos / cos a • cos o 

.'. da = dl . cos (o . sect^ S* 

256. Ho find when the equation of time caused hy the oh* 
liquity is additive or subtractive. 

Let ^ S (fig. 50.) be the ecliptic, <y> D the equator, SD 
a circle of declination passing through the Sun 5, here supposed 
to move uniformly in the ecliptic ; take ^ Mss cf S, then, DM 
converted into time is the equation of time caused by the obliquity. 

Now cos cY> SD s= sin Y • cos <y> X), which is positive or ne- 
gative, according as (y X) is less or greater than 90^ ; therefore, 
<Y> SD is an acute angle when (y X) is less, and obtuse when 
<Y» X) is greater than 90®; but <y> DS is always =90^; therefore, 
since the greater side subtends the greater angle, ^ S or «c M 
is greater than ^ D when YD is less than 90^, or from au 
equinox to a solstice, and ITilf is less than TD when TD 
is greater than 90®, or from a solstice to an equinox. At the 
solstice YS and TD both equal 90**, and M coincides with 
D» M also coincides with D at the next equinox, since then 
TS and TD both equal 180®. The same effects must take 
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place in the other half of the orbit; therefore, as the Earth 
revolves round its axis^ a given meridian will pass through S 
before M, from an equinox to 9 solstice^ and after M, from a 
solstice to an equinox ; that is^ the equation of time caused by 
the obliquity is subtractive from an equinox to a solstice, 
at the solstices and equinoxes, and additive from a solstice 
to an equinox. 

257* CpR. Since the equation of time, caused by the obliquity, 
is at the equinox and solstice, it must be a maximum at some 
intermediate point. At this point c2 . (/ — a) = 0, or dl = da; 

.*. 1 = sec* 5 . cos w; 

.'. cos 5 = ^cos w. 

From this equation S may be found, and from it / and a, by 
the equations 

cos £ s sin o) • sin /, 

sin a = tan i • cot w. 

The numerical values of these quantities are 

/ = 46° 14' 0'\ 
a = 43 43 50 ; 

therefore, 2 — a, or the equation of time expressed in degrees 

= 9P 20' 10". 

258. To find when the equation of time, earned by the 
unequal motion in the ecliptic, is additive or subtractive. 

When the Sun is in the perigee, the mean anomaly coincides 
¥dth the true; but as the Sun is then moving fastest, the motion 
it greater than the mean motion, and the true place of the Sun 
precedes the mean till the apogee, when the mean and true 
places of the Sun coincide. After passing the apogee, the 
Sun's motion being slower than the mean, the mean place 
precedes the true till perigee, when they again coincide. 
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Therefore^ the equation of time, caused by the Sun's unequal 
motion in the ecliptic^ is additive from perigee to apogee^ sub- 
tractive from apogee to perigee, and at those points. 

259* The greatest separation of the Sun's mean and true 
places in the ecliptic, or the greatest equation of the center, i» 
1^ 55' 33" 'j which will produce the greatest separation of their 
places referred to the equator, when this quantity^ substituted 
in the equation of Art. 255, for dl, produces the greatest value 
of da. In this case, 

da = (1® 55' 33'') cos to . sect* 5, 

which is greatest when S = w = 23^ 28'; therefore, making 
5 = 23° 28', 

da = 2° 5' 55", 

which, expressed in degrees, is the greatest equation of time 
that could be caused by the Sun's unequal motion in the 
ecliptic. 

260. The equation of time is Ofour times a year. 

Let ATS (fig. 51.) be the ellipse described by the Sun round 
the Earthi p and a the perigee and apogee, A and T the autumnal 
and vernal equinoxes, S and W the summer and winter solstices, 
and M the place about 46° degrees from Y^, where the equation 
of time, caused by the obliquity, is a maximum. 

Let E be the whole equation of time, t and ^ the separate 
parts caused by the obliquity, and the Sun's elliptical motion 
respectively, then, the maximum value of t is about 2^ 20', and 
greater than that of t'. Now, 



^ is — through AW, TS; + through WT, Sail; and Oat 



t' , aWp; .jpr«; Oat Y 
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/. from A to W, E=z --t-t', and at W, E = - 1\ 
fromTFtop, E^t — t', p, E^t; 

therefore^ since £ was negative at W and positive at/>> there is 
some point between W and p, at which JE = 0. 

Again, 

fromp to r, JB= +t + t'^ and at r, £= +^', 

from r to S, E= -^ + ^', and at S, E= +t\ 

But since at M f has its greatest value^ which is greater than 
t' ; therefore^ at Af E is negative, and it is positive at T and S ; 
therefore^ at one point between V" and M^ and another be- 
tween M and S, E = 0, 

from S to a^ E^ +t + t'y and at a, E = + ^, 

from a to A, E= •i-t—t', and at il^ E= — ^', 

therefore^ at some point betweeil a and A, E must vanish for 
the fourth time. 

261. The equation of time varies continually in different 
years, on account of the change in the position of the line of 
apsides ap, which makes now an angle of about 9^ with the 
line of solstices SW. If these lines coincided, the equation 
of time would be at the solstices^ since the separate parts 
of the equation t and t^ would each = 0*. 



* The line of apsides ap, not coinciding with the line of solstices SW, 
causes also the lengths of the seasons to differ. The angles T ES, SEA, 
AEW, WET, which are described in the successive seasons of Springs 
Summer, Autumn and Winter, are all equal ; but it is obvious from the 
parts of the ellipse which they subtend, that the area SET is less than 
SEA, and greater than WET, or AEW, and that AEW is greater than 

WET 
Y 



170 

WET i therefore, since equal areas are described in equal times round 
E, the seasons in the order of their duration are winter, autumn, spring 
and summer, winter being the shortest and summer the longest. The 
difference between these two, however, is not four days, and of course, 
the difference between any two others is less. If ap coincided with 
SW, the spring would equal the summier, and the autumn the winter. 



CHAP. XIV. 



asE 



ON THE PI.ANETS. 

362. The Planets^ as se^D from the Earthy move soikie- 
times from west to east, and at other times are stationary^ or 
move from east to west. These appearances, which prove that 
they do not revolve round the Earth, can all be explained upon 
the hypothesis of their describing nearly circular orbits round 
the Sun> subject to the same laws of motion as the Earth. 

263. There are ten planets now known, which are denoted 
by their appropriate symbols, Mercury ( 5 ), Venus ( ? )j 
Mars (5^ ), Vesta (fl[), Juno (/), Ceres (?), Pallas ( ^ ), 
Jupiter iu), Saturn ( ^ ), Uranus (¥ ) : of these Mercury, 
Venus, Mars, Jupiter and Saturn are most conspicuiMis, and 
have been observed from the most ancient times ; the others, of 
which Uranus is the chief, are amongst the greatest astronomical 
discoveries of the last forty years. The Earthy considered as a 
planet, is d^oted by the symbol 0, and its orbit lies between 
those of Venus, and Mars. With few exceptions die orbits of 
the planets are nearly circular^ and inclined at umaU angles to th^ 
ecliptic. 

264. The angle which the distance from the Sun of any 
planet subtends at the Earth, is called the Elongation of the 
planet. The greatest elongation of Venus is 45^, and that of 
Mercury still less; and they are. sometimes seen between the 
Earth and Sun^ or as dark spots moving over the Sun's disk ; 
from which it is evident, that their orbits round the Sun lie 
within that of the Earth. The elongations of the other planets 
have all degrees of magnitude, from 0^ to 180^, and they are 
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never seen between the Earth and Sun; therefore their orbits 
must lie without that of the Earth. From these circumstances 
Mercury and Venus are called inferior planets^ and the others 
superior* The periods round the Sun of the inferior planets are 
less, and the periods of the superior planets all greater^ than a 
Year. 

265. The places of the planets as seen from the Earth are 
called their Geocentric places^ and are determined by their 
geocentric latitudes and longitudes computed from the observed 
right ascensions and declinations* The places as seen from the 
Sun are called Heliocentric ; the Heliocentric Latitude of a planet 
being its angular distance from the ecliptic as seen from the Sun, 
and the heliocentric longitude being the angle subtended at the 
Sun betweep the first ppint of Aries^ and the planet's place 
referred to tjie ecliptic. 

266. The intersection of the plane of a planet's orbit with 
tlie ecliptic is called the Line of Nodes ; that point through which 
the planet passes in moving from the south to the north side of 
the ecliptic being called the Ascending Node (Si), and the other 
the Descending Node ( IS ). 

The angle at the Sun's center between the ascending node 
and. the perihelion distance of the planet^ is the Distance of the 
Perihelion from the Node, which added to the longitude of the 
a^cepdipg node^ is the Longitude of the Perihelion, The angle 
at the Sun's center between the radius vector of the planet iii 
its orbit> and the ascending node, is called the Argument of 
Latitude. The argument of latitude together with the longitude 
of the ascending node, is called the Longitude of the Planet in its 
Orbit. 

If P (fig. 52.) be a planet in its orbit QPa, S the Sun, 
TT the perihelion, Sa the line of nodes, S^ passing through 
Y in the plane of the ecliptic ySx; then 

Y S a (jn)ss the longitude of the ascending node, 
7r«Sa + <r Sa(p) = perihelion, 

PS a (?i)= . . . • argument of latitude; 



173 

therefore^ if tt be the distance of the perihelion from the node, 
V the true anomaly, /' the reduced longitude on the ecliptic, and 
r the reduction we have from the figure, 

M = TT + V =p — « + V, 

267. Before proceeding farther with the planets, it is necessary 
to shew how to determine the geocentric place of a planet from 
the heliocentric, in order to make use of the tables of the planet's 
motions; because all the computed motions of a planet are 
calculated with reference to the Sun ; and how to find the 
heliocentric place from the geocentric, in order to make use of 
observations which are necessarily made at the Earth. 

268. Given the heliocentric, to find the geocentric place of 
a planet at any time. 

Let S (fig. 53.) be the Sun, and JS the Earth in the plane of 
the ecliptic ySx^ P a planet, PN perpendicular to the plane 
ySx^ and NM perpendicular to Sx, STj ET parallel to each 
other, passing through the first point of Aries. Let X (NEfX 
fi{NEP)y piEP) be the geocentric latitude, longitude and 
distance of P, respectively; l^NST), 6 (NSP), r(SP), the 
corresponding heliocentric longitude, latitude and distance of P; 
L {ESY)f R (SE) the heliocentric longitude of the Earth, and 
the distance of the Earth from thq Sun. Let also / and p\ 
whfch are called the curtate distances, be the projections of r 
and p on the ecliptic. Then we have 

r=r cos 6, /»'=/» cos /3, NSM=/-L, NEM-\ — L; 

.-. /cos (/-X)- fi = SM-S'E = /t>' cos (\- L), 

r'sin(i-L)= MN =psm (\-L), 
r tan b = PN = |o' tan /3 ; 
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Tx ^ 8in(/— X) . . 

r cos (/— L)'^ K 

, sin (f - X) 

p =^ r. -r-— — =- (2), 

' sin (\— X) 

^ r tan 6 
tan )8 = ? — (3). 



From these three equations may be obtained successively \^ p' 
and fiy since r'y I and 6 are given^ and X and R are known from 
the time. 

269* Cor. If perpendiculars JBe^ Nn, are drawn on £Y^, 

St, 

r cos Z — U cos X= S« — Se = Eo—p' cos X, 
/ sin /— B sin L^^Nn^^ Ee=No = p sin \. 

270. Girew ^Ae geocentric^ to find the heliocentric place of 
a planet. 

Let S (fig. 52.) be the Sun, E the Earth, P a planet in its 
orbit, Sa the line of nodes, PN perpendicular to the ecHptic 
ySxy and NM to SM\ draw jE)o parallel^ and EQ perpendi- 
cular to Sfl, and join PM\ then PM is perpendicular to SM, 
and PMN is the inclination of the orbit (e), PSM the argument 
of latitude (u\ and MST the longitude of the node («). 

Let )3, X, p, /o'y 8cc. be as in the preceding article. 

Then, /t> cos /3 . cos (X - w) = EAT. cos N£o = iSM - SQ 

s=r cos w— IJ cos(X-») ••• •(!), 
p cos /3 sin (X- ») = No =i NM- £Q, 

= r sin w cose— JJ sin (X—n). .(2), 

/> sin /3 = PN= r sin u . sin 6 (3). 
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Eliminating R between equation (1) ai¥l: (2)^ we have 
p cos/3, {cos (\ — ») . 8in(L — »)— sin (\— w). cos (L — «)} 

=r • cos t« . sin (L — w) — r sin u cos e . cos (X — n), 

and dividing this by (3), it becomes 

o . ^T- ^v cottt .sinfL— «) — cos^e. GOsCi — ») 
cot p . sin (L— \) = 



sm e 



sm e . cot 3 . sm (i — X) + cos e .cos (L — «) , . 

.*. cot u = . ' ^ ' — r — ••• (4). 

sm (L — n) 

Eliminating r sin u from (2) and (3), we have 

p. {sin )3 . cos e — cos )9 sin (\ — n) . sin c} « B sin (X— n) . sin e; 

J? sin (X— 'n) . sin e 

' ' r "^ sin fi cos e— cos )9 sin (X — w) . sin e ••••••• v 

Having found p and u from equations (4) and (5X 

psinjS . , . , 

r = -r^ : — IS determmed. 

sm ti • sm f 

271 • CoR. 1. The heliocentric place is supposed to be de- 
termined here by the argument of latitude from which the 
heliocentric latitude and longitude may be determined. For 
making S (fig. 54.) the center of a sphere which meets the lines 
SP, SMy SN in p, nty n, we have, in the spherical triangle |>9»;i, 

pm^Uy nm^l'-ny pn=:b, pmn^e, 
and the angle pixm is a right angle ; therefore 

tan (Z— ») =^ cos e . tan ti^ 
sin A a» sin e . sin uy 
which equations determine / and h. 
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2J2. Cor. 2. From the same triangle^ 

cosusscos b . cos (i — w). 

273. Cor. 3. If x,y, z be the co-ordinates of P measured 
from S, and SM (fig, 52.) coincide with ST^ or the line of 
equinoxes be taken for the axis of x, 

x^Eo+ SQzsp cos/3 cosX + Bcos L, 
y=:No + EQ = p cos /3 sin X + B sin L, 
z=i PN =/t>sin/3. 

274. The equations for determining the heliocentric place 
of a planet from the geocentric, contain the values 1?, e, &c. 
depending upon the position of the planet's orbit, of which they 
require the previous determination. The elements of a planet's 
orbit are, 1. The inclination of the orbit to the ecliptic. 2. The 
longitude of the ascending node. 3. The longitude of the peri- 
helion. 4. The mean distance. 5. The eccentricity. 6. The 
epoch of the planet's being in the perihelion. The two first 
elements determine the plane of the body's motion^ the third the 
position of the axis^ the 4^^ and 5^ the form of the orbit, and 
the 6^ the position of the body at a given time. The period 
may be substituted for the mean distance, since 

P : 1 year :: a* : l*. 

275. From the observed geocentric right ascension and 
declination of a planet at any time, the geocentric latitude and 
longitude may be found, from which the corresponding values of 
u and r may be obtained in terms of the elements, by the equa- 
tions of Art. 270. But the values of r and u (=the longitude of 
the perihelion + the true anomaly) at the time of observation, may 
be found in terms of the same elements, by the methods of the 
preceding Chapter. Therefore by equating values thus found, 
we obtain two equations for determining the elements. From 
two other observations four more equations may be obtained, 
so that three complete observations are sufiicient for determining 
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the six elements of a planet's path. If the path be a circle, the 
eccentricity and place of the perihelion are not required^ and 
two observations are sufficient for determining the four elements. 
If the path is a parabola, since the major axis is not required, 
the three observations furnish one equation more than necessary. 

276. The above^ although a theoretical^ is not a practical, 
method of finding the elements of a planet's orbit^ as the deduced 
equations^ even for the parabola, are much too involved to 
admit of being solved^ and of course would be much more so for 
the ellipse ; so that the direct solution of the problem may be 
considered impossible. Even the indirect modes which astro- 
nomers have adopted for solving the general problem, are of very 
considerable difficulty, and not adapted to an elementary treatise 
like the present. We shall therefore confine ourselves to the 
cases of a circular or parabolic orbit*. 

277* To find the circular orbit of a planet from two obser* 
vatiom. 

Let a be the radius of the orbit, x^y, z co-ordinates of the 
planet at the time of the first observation, the Sun being the 
origiuj and the axis of x passing through the first point of Aries. 

Let z+py '\-qx=iO (l), 

z"-+x*+/=a' (2), 

be the equations of the circular orbit, and let p, /3, X, Sec. be 
as before, of which /3, \, L, R are known from observation ; 
therefore, (Art. 273.) 

x=ip cos /3 cos X + ^ cos X, 

y =/t> cos /3 sin X + JR sin L, 

z=ip sin /3. 

Substitute these values in equations (l) and (2), and they 
become 

* See Lagrange, Mechanique Anatytique, Vol. II, Gauss Theoria 
motus corporum celestimn, 

Z 



178 

p (sin /3 +P cos /3 sin X + J cos /3 cos X) 

+|> li sin L + 7B cos L = 0, 
p«+2Kcos/3,co8(L-X)./o + fi* = a% 

or calling the known coefficients A^ B, C, D^ £, after dividing 
by sin/3, 

p.(l+Ap+Bq)^Cp + Dq:=^0....{S\ 

/t>* + 2E|0+K* = a* (4); 

/.p = ^o^ + £2-jR«-E..,. (5), 
by the solution of (4). 

Similarly, if p^, E' be the values of p and £ at a second 
observation^ 

p' = Ja* + ir-R*-If (6). 

But if c be the chord joining the extremities of p and p' 

= 2a* — 2 .(a:/ ^yy +z/) 

= ^a^-2.{Fpp+GpR + K.pR + LRR'} -...(7), 

substituting for x, y, z, x\y , z their values, and calling the 
knowrn coefficients F, G, K, L. 

The circular sector (s) described round the Sun, whilst the 
planet moves from the one position to the other 

2 • -1 ^ 
= a sm . — , 

and s : Tra^ :: the observed interval (0 : the planet's period (a)^, 
a being expressed in parts of the Earth's radius, and t in parts 
of a year ; 



« J £ ^ \ 2 • 

.*. a . sui I — I = Tra . -j : 
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.'. t = ai.a\n~ 



■(D <«• 



From equations (5) and (6), with an assumed value of a, let p 
and p be calculated^ and thence c by equation (7)9 then this 
value of c ought, when substituted in (8)^ to give the observed 
time (t), if a is rightly assumed. If a is not rightly assumed, 
the equation (8) will point out whether the error is in excess or 
defect, and calling a the correction of a, we have, [[differentiating 

the equations (5) and (6)] = . «, and - ^ ■ - jy . a, for the 

P'^J^ p +-CI 

corrections of p and p\ with which we may proceed as before^ 
till a is found to any required degree of accuracy. When a is 
once found, p and p are known from equations (5) and (6)^ and 
substituting them in equation (3), and in the equation similarly 
formed with p^ two simple equations arise for determining p and 
qy or the position of the orbit. 

• 

273. Since all the planets have small eccentricities, the 
above mode may be used as an approximate method of deter- 
mining the mean distance, the place of the node and the inclina- 
tion of any planetary orbit. When applied to that of Vesta, 
it gave the inclination within ^, and the log. of the mean 
distance within .0056 of its true value. 

To find the approximate elements of a eomet^s orbit. 

279* From three geocentric observations to find the helio- 
centric and geocentric distances of a comet. 

Let ABC (fig. 54.) be three positions of a comet, t and t' 
the respective times between the first and second, and second 
and third observations, t and t' not exceeding 5 or 6 days. Let 
S be the Sun, and let SB cut AC in D. 

Then tit':: SAB : SBC :: SAD : SDC, very nearly 

AD : DC. 



. * 



Similarly, ii a^dpC be corresponding positions for the Earth, 
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ad : dc :: t : t' :: A,D : DC, 

and as this proposition must hold when the lines AD, ad are 
projected on any plane^ let them be projected on the ecliptic^ 
and let Dd cut Cc, Aain and M. 

Let pp'^p be the comet's curtate distf . from the at Ay B, C, 

rr'r true dist*. from the O , 

LU'U the heliocentric longitudes of the Earth, 
WX • • • • geocentric Comet, 

bb"b' the heliocentric^ fi^'P^ ^^ geocentric latitudes, 



and xyz, X y z f xy z the co-ordinates of the comet, the Sun 
being the origin and the line of equinoxes the axis of x. 

Then COD=^ Cce -Drfc = \'— \", 
4AfD = Dde-iiac = \"-X, 
and CO : CD :: sin ADO : sin (V - \"), 

CD : AD :: t' : t, 
^ AD : AM:: sinCX'^-^X) : sinilDO; 
.'. CO : AM :: t\ sin (X'' - X) : ^ • sin (X' - \% 
Similarly, cOiaM ::t\ sin (V - X) : * • sin (X' - X") ; 

/. p : p :: t\ sin (X"— X) : t . sin (X' — X") ; 
by addition of ratios ; 

, t\ sin (X' - X) 

Now r^=jr*+y+r (1), 

r''^x''+y''+z" (2), 

c' = (ar'^a:y + (y-y)» + (/-;r)' (3), 

c being the chord joining the extremities of r and /• 
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But x:=fy cos X + U cos L, x' = mp cos V + H' cos L', 

y = p sin \ + 12 sin i, y' = wip sin X' + R' sin L', 

z=^p tan /3^ / =mp tan ^3^. 

Therefore substituting these values in (l), (2) and (3)^ and 
denoting the known coei&cients by A, B, C, 

r^=zA + Bp -{-Cp^ (4), 

r'^^A' + BTp +ap^ (5), 

c^ = jF + Gp + Hp" (6). 

From these equations with any assumed value of p, let r, r y c 
be calculated, tfaen^ if the assumption be correct^ the equation 

«+*' = ^.{(r+r' + c)i-.(r+r'-c)l} (7), 

(Art. 269*) must be satisfied. 

If this equation is not satisfied, Iet/9 + Ap be a corrected 
value of pf then 



r 



+f • z~^'^P' '•+i- — 7 — '^P> 

T T' 

and c + ^. ^.A/o, 

are the corrected values of r, r and c, which must be proceeded 
with as before, till values of r, /, c are found, which satisfy 
equation (7). 

280. 'From the quantities determined in the preceding propo- 
sition, to find the inclination, the place of the node, and the 
argument of latitude in a comeCs orbit. 

Retaining the same construction, let I, V be the heliocentric 
longitudes of the comet at the first and third observation, A and 
A! the geocentric longitudes of the Sun, which ares=180 + L 
and 180+ L'; then 
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SN (fig, 53.) : EN :: sin SEN : sin NSE, 

or rcos b : p :: 8in(i.— X) : sin NSE = ^ ■ — . 

' r cos p 

In thb equation A and X are known from observation^ p and r 
have been determined in the preceding article^ and b is known 
from the equation 

r sin b = p tan/}* 

Hence NSE is known^ and adding to this MET^ the heliocen- 
tric longitude of the Earthy the heliocentric reduced longitude of 
the comet (/) is obtained. Let e be the inclination of the comet's 
orbity n the longitude of the node, u the argument of latitude at 
the first observation, and t and b' the values of / and b at the 
last observation. 

Then sin (J - n)^ tan b . cot is, (Art. 272.) 

and sin {V — n) = tan b\ cot e ; 

sin (Z— «) + sin (V—n) ^ tan i + tan b' 
* * sin (/ — n) —sin- (/ — «) tan b — tan b' * 



or 



tan {j (/ + /') -n} _ sin(ft + ft^) 
tan ^ (/-/') sin (6 -6')' 

sin (ft + i') 



/. tan {4/+/' — n} = -t-tt — iTv • tan 4 .(/ — /% 
^ * ^ sm (i - 6 ) '^ ^ 

from which equation n may be found ; and therefore e and u 
from the equations 

cot e = sin (/ — n) . cot b, 

cos u = cos b . cos (2 — n). 

281. . GiVe/i ^t£;o arguments of latitude in a parabolic orbit ^ 
and the corresponding distances from the Sun, to find the true 
anomaly, and the longitude of the perihelion. 

Let 4a be the parameter of the orbit, ^ the distance of the 
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perihelion from the node, and u, vl two arguments of latitude 
determined as in the preceding article ; then ti— ir and u — w are 
the true anomalies corresponding to the distances r and r\ and if 



. . cos 



and cos -j tJ = v - ; 



/. cos ^(tt' — ti) —sin ^(m' — tt). tan jv = v -, , by division; 

/. tan -• t? = -^ ' 1 , t ^ * which gives v, 

^ sm I (tt — tt) 

and therefore ir^u^v^ and the longitude of the perihelion 

Cor. Since tanjv contains only r, r and u -^u, the true 
anomaly in a parabolic orbit may be found from two distances, 
and the angles between. 

Since the radius vector in a parabola does not divide the 
chord accurately as the times, the above mode of finding the 
elements of a comet's orbit must be incorrect ; the error is, 
however^ very small, and the mode of correcting it may be seen 
in the Essay of Olbers, whence the preceding Articles are 
extracted. 

The elements of a planet's orbit may be obtained much more 
simply from observations made under favourable circumstances, 
than by the general methods alluded to in Art. 275, which 
have been applied to the cases of circular or parabolic orbits; 
and although in the case of a new planet being discovered, the 
elements would probably be discovered to a considerable degree 
of accuracy long before such circumstances would present them- 
selves, yet the following methods are worthy of attention as af- 
fording the best means of correcting the nearly known elements. 
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282. To find the node of a planet*$ orbit from observations 
made on the planet in its node* 

Let S (fig. 55J) be the Sun^ E the Earth, and P the planet^ 
when its geocentric latitude, calculated from the observed de- 
clination and right ascension is 0^ and therefore in its node. 

Let SE^R, SP=^r, L the heliocentric longitude of the 
Earthy / of the node ; therefore, ESP ^L-^l, and let E be 
the elongation of the planet from the Sun = the geocentric lon- 
gitude of the Sun — that of the planet. Then 

r : li :: sin £ : sin SPE :: sin £ : sin (£ + $) ; 
.*. r. sin(£ + 5) = i?.sin £, 
or r . sin (£ + L — = -B • sin £. 

Let £', L\ R\ be values of £, L, and R, when the 
planet returns to the node after one or more revolutions ; there- 
fore, . 

r. sin (£' + £'-/) = «'. sin E (2); 

sin(g4-X'-/)4-sin(£ + L-0 _ Jt' sin £' 4- It sin £ 
•'; sin(£-hr-0-sin(£-hi-/) "" 11' sin £'-Esin £' 



iMij.E + E-i'V+L-D ^ R'sinET + RsmE 
• tani.(£'-£+r-L) ~ B' sin£'— Usin E' 



/. t^ni^E'+E+U+L-D 

R'smE+RsinE 
-ii'sin£'-Esin£-''"^-^^""^+^"^^' 

which determines / the longitude of the node. 

If no observed right ascension and declination give the 
planet's geocentric, latitude 0, the time when the planet is in its 
node^ which is requisite for finding the values of L and E, must 
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be found by a proportion. Let j3 and /3' be the geocentric lati- 
tudes of the planet on successive days before and after passing 
the node^ then, /3 + )3' : /3 :: time between the two obser- 
vations : the time between the planet's being in the node and 
the first observation; which, added to the time of the first 
observation, gives the time when the planet is in the node ; for 
which time the values of E and L must be found in the same 
manner by taking the proportional parts. 

283. Cor. This method will be slightly incorrect on ac- 
count of the slow motion of the nodes, which is not noticed ; 
but if the node be determined in this way at different times, 
and the motion of the node be thence deduced, the motion of 
the node between the two observations may be found, and if 
this be called a, and the value l + a be used instead of / in 
equation (2), the place of the node may be found more ac- 
curately. 

284. To find the inclination of a planet* s orbit. 

Having found the longitude of the node by the last Article, 
let E (fig. 56.) be the Earth in the node, 5 the Sun, P a planet, 
Pn perpendicular to the ecliptic. 

Let, as before, SEH the difference of geocentric longitudes 
of S and P = £, P£n the geocentric latitude = )3, and e =.the 
inclination; then, since the angle between the planes PEIl, 
SEH is 90®; therefore, by Napier's Rules, 

sin £ = tan j3 . cot e ; 

.'. cot e = sin E . cot /8. 

285. To find when a planet is in conjunction with the Sun. 

When a planet is in conjunction, its , geocentric longitude is 
the same as that of the Sun. 

Let E and E' be the elongations of the planet from the Sun, 

A A 



186 

T and T' the corresponding times, on successive days before 
and after conjunction, C the time of conjunction. 

Then, considering the change of elongation uniform for the 
time T'-T, 

If-E i E :: T'-T : C-T= rf^-=,.{r -T); 

E ~ E 



E^ 
Ef-E 



.: C=T+ ^r=-r^.(T'-T). 



S8d. Cor. If /3 and /3' be the geocentric latitudes at the 
times T and 2", and /3 + A/3 at conjunction, 

. /3'-/3 : A/3 :: r-T : C-r :: JE'-E : £; 
Therefore^ the geocentric latitude at conjunction 

iSf. Cor. d. The heliocentric longitude of the planet at 
conjunction is the same as that of the Earthy and may be found 
in exactly the same manner as the geocentric latitude. If L and 
L* be the two longitudes of the Earth on successive days 
before and after conjunction ; the heliocentric longitude of the 
Earth at conjunction, or the heliocentric longitude of the 
planet 

288. CoR. 3« In exactly the same manner may be found 
the time when a superior planet is in opposition to the Sun ; 
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that is^ when it is in the opposite part of the heavens to the 
Sun, or when the difference between the geocentric longitudes 
of the planet and Sun is 180^. 

289- Cor. 4. Hence may be obtained the synodic time of 
a planetj which is the interval between two succeeding similar 
conjunctions. If the two similar conjunctions are taken, se- 
parated by a long period, the whole time between the con- 
junctions divided by the number of revolutions made in the 
interval^ will give the mean synodic time more accurately. 

290. To find a planet* s distance from the Sun, and the 
argument of latitude at the time of conjunction. 

Let r (fig. 57*) be the distance SP of a planet from the Sun 
at the time of conjunction^ 

b the heliocentric latitude PSE, 

/3 the geocentric • PEllj 

u the argument of latitude NSP. 

Let nSN be the line of nodes, and let S£= E; then NSE 
= the heliocentric longitude of the Earth — that of the node = 
X — «. 

Therefore, from the solid angle formed at S by the plane 
angles NSP, NSE, PSE, we have by Napier's rules, since 
the plane PS 11 is perpendicular to NSE, 

sin (L — 11) = tan 6 . cot e,. 

or tan 6 = sin {L—n) Ann e, which determines 6, 

and cot u = sin e . cot (L — w) • . . .u, 

.*. (JR — r . cos 6) < tan )3 = Pn = r • sin 6 ; 

12 . tan )3 



:. r = 



sin b + cos b . tan /3 
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• 291. Given three distances of a planet from the Sun, and 
the corresponding arguments of latitude: to find the place of 
the perihelion and the true anomaly at the first observation. 

Let V, ii + a, tt + /3, be the three arguments of latitode, r, 
r , r\ the corresponding distances from the Sun, determined by 
observations made at three different conjunctions, as in the last 
Article, then, if t; be the true anomaly corresponding to the 
distance r, i; = ti— 'tt, t being the distance of the perihelion 
from the node. The true anomalies at the second and third 
observations are t? + a, i; + jS ; therefore, 

r . (l+« cost?) = a.(l — e*) (1), 

r . {l +ecos(i; + a)}=a.(l-e*) (2), 

r". {l+ecos(v +/3)} =a.(l— e*) (3); 

.•. r' — y +e, {/ cos(v + a) — r cost?} =0, from (1) and (2), 
r"-r + e.{r'cos(i; + /3)-rco8v}=0, from (1) and (3). 
Therefore, eliminating e between these equations, 
(/—;). {/'cos(t;+/3)- r cost?} ^ir'—r) {r cos(i;+a)-r cosv}; 

therefore, expanding cos (v+o) and cos(v + /3), and dividing 
by cos V, 

(r-^r). {r'co8/3 — r" sin /3 .tanxj — r} 

= (r — r) , {/ cos a^r sin a tan v — r} ; 

__ rr — r^r'\- (r" — r) ,r , cos o — (/— r) r' cos )3 
• • tan V — . ■■ . ■ I . .. ■ I. ■ 

(r — r) . r sin a — (r — r) . r sin j3 ' 

which determines r. 



r — r 



Therefore, e = -^ — , 

r cos {v + a) — r cos r 



r 

a = ^ . ( 1 -f c cos r), 

1 — e* ' 
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and the longitude of the perihelion (u '^ v •{- n) are deter- 
mined. 

292* The values of v, e, and 'a, contain only the three 
distances and the angles a and )3, and may^ therefore^ be found 
from these data ; but the argument of latitude u is requisite for 
determining the place of the perihelion. 

293. To find a planet* s period. 

Let the time when the planet is in its node be observed, then, 
if the same observations are made after one or more revolutions 
of the planet, the whole time divided by the number of revo- 
lutions is the period with respect to the liode; this is no( the 
sidereal period, or the time from a fixed star till it returns to it 
again^ on account of the regression of the node between the 
observations. If this regression, calculated as in Art. 283, be a, 
and ti be the number of revolutions^ n . 360^ — a is the whole 
angle described by the planet ; 

/• 91.360^— a : 360 :: the observed time : the sidereal periodic 
time. 

294. The period may be also found from the synodic time ; 

for if this time be called S, and P and p be the sidereal 

periodic times of the Earth and planet, all expressed in days 

360^ ^360^ ^ ^ ., . . . 360^ 

and — =r- are the mean daily motions; therefore 

p P p 

p- is the mean daily separation of the Earth and planet, 

which in the time S ought to be.36()^; 



— 
P 



360'' 360^ 



)?= 



360^ 






1 j^_ 1 

_ PS 

'■P- p + s- 



p is here supposed less than P, or ihe planet an infe 
the planet be superior, it may be proved in the sai 
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he planet an inferio. , .. 

way that 



S-P' 



295 - The period might have been obtained from the mean 
distance a, found in the preceding Article, by die proportion 
P : 1 year :: a' ; (rad. of Earth's orbil)^; but, on account of 
the errors to which the determination of a is liable, P can be 
found more accurately by the method here given, and then the 
above proportion will serve to determine a. 

296. As none of the preceding methods are exact, the elements 
of the planets, so determined, will be subject lo slight errors, 
and will require subsequent corrections, which must be applied 
by comparing the observed places with the places calculated 
from the nearly known elements, and thus determining the errors 
in geocentric latitude and longitude. If the equations connect- 
ing the geocentric and heliocentric places of a planet are dif- 
ferentiated, the errors in the heliocentric place, corresponding 
to the errors in the geocentric place, are obtained, and again, 
by differentiating the equations by which the heliocentric place 
depends on the elements, the errors in the heliocentric place are 
obtained in terms of the errors in the elements, and thus an 
equation is obtained connecting the observed errors in the 
geocentric place with the errors of the elements, and from as 
many equations of this kind as there are errors, the errors may 
be found.. This is a brief outline of the method which is at- 
tended with considerable difficulty in the details. See Littrow, 
Vol. II. p. 201. 

397. To find the geocentric motion of a planet, supposing 
the Earth and planet to describe circles in the ecliptic. 

Let a and p be the distance of a planet from the Sun and 
Earth, the Earth's distance from the Siui being (l). Then, / 
and L being us before the heliocentric longitudes of the planet 
and Earth, and \ the geocentric longitude of the planet^ 



I 
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a cos /—cos L = p cos X, Art, 269. 

a sin / — sin L = p sin X ; 

. a sin /— sin L 

/. tanX= ; zr» 

a co5«— ^cos-L 



cos*X 

_ (a cos /— cosD.(fl cos /.rf/— cosL.rfL)4-(a sin /— 8inL)(asin Z.cf/— smL.dL) 

(a cos /— cos £)* 

_ {a*-gcos(L-0} dl+ {l-g.cos(I> — /)} rfl> 

(a cos / — cos Ly 

But dL : dl :: ai : 1 ; /. di = a*.d/; 

therefore, substituting this value^ and making 

cos X 



a cos / — cos L 



=p, 



aX = P\{a' + ai-{a + a^).co9L-l\dL 

^QS^ Cor. 1. When an inferior planet is in the conjunction 
nearest the Earthy or a superior planet in opposition, X — / = 0, 

/. dX = P*a,(a + a4-l-a*).d/ 

= P'aCa-O.O-aJ).!?/, 

which is negative^ whether a be greater or less than 1, or the 
planet's motion is retrograde. 

When a superior planet is in conjunction, or an inferior planet 
in the conjunction farthest from the Earth, L— Z=180^ and 
cos (t — /) = - 1 ; therefore d\ is positive, or the motion is 
direct. 
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299* Cor. 2. When d\ = 0, the planet appears stationary. 
In this case 



cos (L-^l) = 



1+ai' 



If t be the time from syzygy when this happens^ and m and m 
be the daily motions of the planet and the Earth in longitude^ 

L — l^im-- m) .t'j 

m — m 

Therefore a planet's motion appears retrograde whilst it describes 
an arc 



= 9,m, 



9 9 

m — m 



and progressive whilst it describes the arc, 

X-7 



36(f-Q,m. 






300. Cor. 3. If the Earth were at rest, or dL = 0, we 
should have 

dX = l^. {a'-acos(L-./)}, 

which could never equal for a superior planet ; therefore^ as 
the superior planets often appear ^stationary, this affords another 
presumption that the Earth moves. 

301, From the observed elongation of a planet token sta- 
tionary^ to find its distance from the Sun upon tlie hypothesis 
of the preceding article. 

Let E (fig. 55.) be the Earth, S the Sun, P the planet when 
stationary, and let SP = a, SE = 1 ; then 

a : i :: sin £ : sin(£ + S) :: 1 : cos S + sin S . cot JB; 



.'. tan E = 



193 

a sin S 
1 — a cos S 



a 4* A' 

But cos S = cos (L— = «; 

^ 1 + a*' 



^/' - (tt^) 



- N/>-fl* + g^-"tf 



'. tan jE = a ; = a « 

1 +a* 
1 -a x/l +a _ 



a 



a . 



/. a* =T+a> tan* £ ; 

••. «*-a tan* E+i- tan* JB^tan' E+i . tan^E; 

.*. a=^.tan' £ + ^tan E. y/4 + tan* £. 

By this means the mean distance of Pallas was approximated to 
as that planet was stationary soon after it was first discovered. 

302. The planets are too distant to present to the naked eye 
any very obvious change of appearance in their different posi- 
tions with regard to the Sun ; but Venus, Mercury and Mars, 
which are situated most favourably for such observations^ shew 
on a small scale the same phases as the Moon does, or such as 
would be shewn by opaque spherical bodies illuminated solely 
by the rays of the Sun. 

303. To find the phases of an opaque heavenly body illu' 
minated solely by the Sun's rays. 

Let S (fig. 58.) be the Sun, E the Earth, P the center of 
a planet, adcb ^ section of it made by the plane SPE; then 
the plane amen drawn perpendicular to £P, cuts off the visible 
hemisphere of the planet, and the plane mdnb perpendicular to 
SP cuts off the illuminated hemisphere; therefore mc7ibm is 

Bb 
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the visible illuniinated part of the planet^ which will be seen 
from E projected on the plane amen ; therefore the boundary 
mbn will become an ellipse^ whose 

major axis : the minor :: 1 : cos bPc :: 1 : sin cPS 

:: 1 : cos SPe. 

If therefore 2 A be the visible disk of the planet, or the circle 
umcn, the area of the semi-ellipse, which is the projection of 
mbn, will equal A . cos SPe, Therefore the illuminated part of 
the planet 

= A — A . cos SPe = A . ver sin SPe, 

oc ver sin of the exterior angle of elongation. 

If the planet be supposed an inferior planet, and its orbit to 
coincide with the ecliptic^ the exterior angle of elongation is O 
at the nearer conjunction, and increases to 180^ at the superior 
conjunction; therefore the illuminated part of the disk is at 
conjunction^ and increases gradually to the farther conjunction, 
where it equals 2 A, or the planet's disk. As the angle of 
elongation becomes greater than 180^, the illuminated part 
diminishes^ till the angle of elongation = S60^, or the planet is 
again in conjunction^ when no part of the disk is illuminated. 

The planet's orbit is here supposed to coincide with the 
ecliptic, but as that is not exactly the case for either of the in- 
ferior planets Venus and Mercury, the angle of elongation never 
vanishes, unless the planet be in its node at the time of con- 
junction ; therefore, except in this case, some portion of the 
disk is always illuminated. 

In the same manner may the phases of a superior planet be 
found from the above expression for the illuminated part. 

304. On account of its proximity to the Earth, Venus is 
generally the most conspicuous of the planets^ appearing like a 
bright star in the heavens. When it is near the Sun, and to the 
east of it as the Earth revolves from west to east the horizon of 
any place revolving in the same manner will pass through Venus 
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soon after passing through the Sun, or Venus will set sooii after 
the Sun, in which case it is called an Evening Star. When Venus 
is a little to the west of the Sun, from the same cause the 
horizon will pass through Venus, a little time before it passes 
through the Sun, or Venus will rise a little before the Sun, and 
is then called a Morning Star. 

305. To find when Venus appears brightest ^ upon the hypo- 
thesis of VenuSy and the Earth describing circular orbits about 
the Sun. 

Let S (fig. 59.) be the Sun, P Venus, E the Earth. 
Then the illuminated part of the disk varies as 

1 - cos pPE ex: 1 + cos SPE, 

and as the intensity of light from any object varies inversely as 
the square of the distance; therefore 

. ^ . ^ r ^r 1 + cos SPE 

the brightness of Venus oc ^— , 

PEr 

LetP£ = x, PS=tf, S£=l; then, the brightness 
X \ 2ax / X Q>ax^ 2 a 



2ax 



Therefore when the brightness is a maximum. 



2 a"^ - 1 1 

x^ 9>ax^ 2ax^ 

.2 



.-. jr'' + 4ajr+3a*- 1 =0; 

the negative value of the root being inadmissible. 

In the following table, the elements of the new planets, Vesta, 
Juno, Ceres and Pallas, which are not known with great accu- 
racy, are reduced to the epoch of midnight, December 31, 1819, 
Paris time. All the other quantities in the table are for the 
epoch of December 31, 1800. 
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TABLE OF THE SOLAR SYSTEM. 



Planet. 


Sidereal Period. 


Mean Distance. 


• 

Eccentricity. 


Mercury . . 


87^.9692580 


.3870981 


.20551494 


Venus . . . 


224 .7007869 


.7233316 


.00686074 


Earth .... 


365 .2563835 


1.0000000 


.01685318 


Mars .... 


689 .9796458 


1.5236923 


.0933070 


Vesta .... 


1325 .7431 


2.36787 


.089130 


Juno .... 


1592 .6608 


2.669009 


.257848 


Ceres .... 


1681 .3931 


2.767245 


.078439 


Pallas . . . 


1686 .5388 


2.772886 


.241648 


Jupiter . . • 


4332 .5841212 


5.202776 


.0481621 


Saturn . . . 


10759 .2198174 


9.5387861 


.0561505 


Uranus . . . 


30686 .8208296 


19.182390 


.0466108 




Mean Longitude. 


Long. PerilielioD. 


Long. Node. 


Mercury . . 


163^ 56' 27" 


74^ 21' 47" 


45^57' 31" 


Venus .... 


10 44 35 


128 37 1 


74 52 40 


Earth .... 


100 9 13 


99 30 5 




Mars .... 


64 7 2 


332 24 24 


48 1 28 


Vesta .... 


278 21 57 


249 33 24 


103 11 30 


Juno .... 


200 9 32 


53 33 58 


171 9 58 


Ceres .... 


123 39 41 


147 7 31 


78 53 24 


Pallas . . . 


108 18 27 


121 7 4 


172 39 27 


Jupiter • . . 


112 12 36 


11 8 35 


98 25 34 


Saturn . . • 


135 20 22 


89 8 58 


111 35 47 


Uranus . . . 


177 47 18 


167 21 42 


72 51 14 
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TABLE OF THE SOLAR SYSTEM. 







Secular Variations of 




Planet. 


Inclination. 


Long, of Perihel. 


Long of Node. 


Inclination. 


Mercury 


7^ 0' 0" 


+643^.56 


- 782^27 


+ 18''. 183 


Venus . . 


3 23 25 


-267 . 60 


-1869.80 


-4.552 


Earth • . 




+ 1177.81 




/ 


Mars * . 


1 51 


+ 1582.43 


-2328.44 


-0 . 152 


Vesta • • 


7 8 9 


unknown. 


. ..•••.•• 




Juno . • • 
Ceres • • 


13 4 45 
10 37 26 
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440 


12130 


Pallas . . 
Jupiter . 


34 34 55 
1 18 52 


unknown. 
+663.86 




-22.609 


-1577.57 


Saturn . • 


2 29 38 


+ 1943.07 


-2266 . 47 


-15.512 


Uranus . 


46 25 


+238.62 


--3597.96 


+ 3.153 




Time of 


• 




IVoe 




Rotation. 


Masses. 


Volume. 


Diameters. 


Sun • . . 


23* lO*" 


329630. 000 


1328460.1 


109.93 


Mercury 


24^ . . 


0.1627 


.1 


.39 


Venus . . 


23 30' 


.9243 


.9 


.97 


Earth . . 


23 56 

t 


1. 


1. 


1. 


Mars . • 


24 40 


.1294 


.2 


.56 


Jupiter . 


9 52 


308. 940 


1470.2 


11.56 


Saturn . • 


10 16 


93. 271 


887.3 


9.61 


Uranus • 


unknown. 


1. 690 


77.5 


4.26 



OH A P. XV. 



THE MOON AND SATELLITES. 



307* To a spectator on the Earth's surface the Moon 
•. appears to move ki the same direction as tiie Sun^ or according 
* to the order of the signs^ and by this motion to complete its 
circuit round the heavens in about twenty-seven days. Its 
orbit lies within that which the Sun appears to describe round 
the Earth ; because it often passes between the Sun and Eartb^ 
intercepting all or a portion only^ of the Sun's lights and causing 
-^lipses of that luminary, and its elongation -Irom the Sun passes 
through all degrees of magnitude from 0^ to 180^. The Sun's 
motion is spoken of here and in other places as- explaining ap- 
pearances, but as the Earth really moves round the Sun^ the 
Moon must be supposed, in order to produce the same ap- 
pearances, to revolve round the Earth in a months whilst the 
Earth itself is carried over an arc of its annual orbit round the 
Sun. 

From the comparison of the Moon's parallax^ which is about 
1^^ with that of the Sun (8''.47)^ we find that the distance of the 
Moon from the Earth : that of the Sun :: B".47 : 1^ :: 1 : 450. 
This makes the Moon's distance := 60 radii of the Earthy nearly. 

308. The moon, like the planets, is a round opaque body^ 
deriving all its light from the Sun ; for the various appearances 

-ivfaich die Moon affords are exactly such as would be presented 
by an opaque body illuminated by the Sun's rays in the dif- 
ferent parts of its orbit. 

309. The Moon's latitude changes continually during the 
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course of a month. It is somet'mies 0, wh^ the Moon must 
be in the ecliptic ; after this it gradually increases^ till, in about 
7 days it attains its maximum 5^ 8' \l'\ when it again diminishes 
by the same law by which it increased, and at the end of 14 days 
crosses the ecliptic again, and moves in the same manner on the 
south side of the ecliptic. By the comparison of the observed 
latitudes of the Moon it may be proved, as it was for the Sun 
(Art. 70. )> that the Moon's orbit lies in a plane cutting"^ the 
ecliptic in the points where the Moon's latitude is 0. 

310. To find the inclination of the Moons orbit to the 
ecliptic, and the place of the line of nodes. 

Let )3, and ^ be two latitudes of the Moon on successive 
days, before and after passing the node. / Mid V the corres- 
ponding longitudes on the ecliptic, and n the longitude of the 
node ; then, considering the change of latitude and longitude 
proportional to the time^ 

|8 + )8':i8::r-/:n-/=^-|-g;. (/'-/); 

If y be the inclination^ as in Art. 290^ 

sin (Jt — w) = tan /3 . cot v ; 



.'. cot V = sin / — /I . cot /3. 

311. The inclination may also be deduced by observing the 
Moon's latitude on successive days when near its maximum, 
and determining by interpolations the maximum latitude, which 
will be the inclination of the Moon's orbit. 

312. If the Moon's nodes are determined at diiferent times^ 
they are found to be not fixed ; but to have an uniform retro- 
grade motion of 19^ £0' S3".46 in 365 days, with respect to the 
stars, and, therefore, a tropical motion of 19® 19' 43".36 in the 
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same time^ and besides this mean motion are subject to in- 
equalities, of which the greatest is 1^ 30^ 9S!\ sin 2 . ( Q — St ) ; 
so that if SI be the longitude of the ascending node, determined 
from its position at a known epoch, and the uniform increase of 
ig"" 10' 43'' in 365 days, the true longitude of the node 

= SI +1^30' 26". sin 2(0 -Si). 

The inclination has also a small inequality 

= 8' 47". cos 2 ( O - a ), 

to be added to the mean inclination which , remains constant, 
if the secular change in the position of the ecliptic be omitted. 

did. To find the Moon*s synodic and sidereal periods. 

The time of the Moon's conjunction with the Sun may be 
found as that of Venus was (Art. 285.X and from the observed 
interval between two conjunctions, the synodic period may be 
deduced* This will be variable oti account of the inequalities 
of the Sun and Moon's motions ; but if the whole time between 
two distant conjunctions be divided by the number of revolutions 
made by the Moon in the interval, the mean synodic time will 
be determined with great accuracy. 

The synodic time thus deduced 

= 29* 12** 44' 2". 82, 

p .5 
and substituting this quantity for S in the equation p = ' , 

where P is a sidereal year, we obtain the mean sidereal period 

p = 27*7\43. 

If P be a tropical year, the tropical period of the Moon will 
be found. 

314. As there exist very ancient records of solar eclipses, 
which can only take place at the time when the Moon is near 
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conjunction^ the mean synodic times, and mean motion of the 
Moon^ may be deduced from the comparison of some of these, 
and it is found in every case^ that the more ancient the times of 
conjunction from which the synodic period is deduced, the 
greater is the period, so that the Moon^s mean motion must 
have been continually accelerated. Laplace, who first detected 
the cause and law of this acceleration from the theory of 
gravity, has proved that the quantity 

10".«07^' + 0".00185<^, 

must be added to the Moon's mean longitude, to give the true 
mean longitude for the year 1800 + ^. 

316. To find the elements of the lunar orbit. 

The Moon may be proved in the same manner as tlie Sun, 
by observations of the apparent diameter to describe an ellipse, 
and as the variation of this diameter is much greater than the 
Sun's, this circumstance may be made use of in ascertaining the 
elements with some accuracy. The Place of the Node, the 
Inclination of the Orbit ^ and the Mean Motion, have already been 
determined. To find the Longitude of the Apogee, let the Moon 
be observed when its diameter is least, then the longitude of the 
Moon IS the longitude of the apogee, and if the place of the 
apogee be determined in this manner after .several revolutions of 
the Moon, its motion may be determined, and the place found 
with more accuracy. 

The eccentricity = -ry , A and A' being the Moon's 

greatest and least apparent diameters. 

The mean distance may be found from the parallax. If p be 

the horizontal parallax, when the Moon's apparent diameter is S, 

determined as Art. 173* 

A 
the parallax at the least distance =P • t > 

A' 
greatest = p . -^ . 

Co 
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Therefore the least distance =rad of ff^ .-— r 



greatest = rad of ® . 



The longitude of the Moon at a given epoch is known from the 
observed time of the Moon's being in its node. 



therefore the mean distance = ^ rad . © . - . j-r + -r>f • 



The numerical values of the lunar elements at the be- 
ginning of the nineteenth century, are^ according to Laplace^ 
at midnight, Dec. 31^ 18(X)> Paris time. 

The mean longitude of the Moon ... 11 1^.613302 

perigee . . 266 . 10795 

ascend. SI 13 .9183 

The mean inclination 5 . 14395 " 

The eccentricity .548553 

The greatest apparent diameter .55863 

The least .4894? 

The mean horizontal parallax .95949 

The sidereal revolution of the perigee 3232**. 575614 

node 6793.39081 

The mean distance of the Moon .... 60.2379 . rad 0. 

31 6. Cor. The motion of the apogee in longitude found 
by determining its place at different times^ is 40^ 39^ 45", 79 in 
365 days. To the longitude determined from its place at a 
known epoch^ and to this mean motion mqst be added 
22' 17' sin Sun's mean anomaly^ in order to obtain the true 
longitude of the apogee. 
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317* The motion of the apogee and node, besides their 
mean values and periodical equations, have also secular equations 
which are to the secular acceleration of the Moon's mean 
motion (Art. 314.) as 3 : 1 and .74 : 1, respectively. 

By the longitude of the Moon is generally understood the 
longitude in its orbit^ from which the reduced longitude on 
the ecliptic may be easily obtained. 

318. The equations of the MooiCs motion. 

If the Moon and Earth were the only bodies of the system^ 
the Moon would describe an accurate ellipse about the Earth, 
and the apogee and nodes would be stationary ; but in conse- 
quence of the attractions of the other bodies of our system^ and 
of the Sun in particular, this motion is much disturbed^ and the 
longitude of the Moon, determined from the elements upon the 
hypothesis of an elliptic motion, must receive between 30 and 
40 corrections, in order to determine the true place of the 
Moon, with the necessary degree of accuracy. The form of 
these corrections or equations as they are usually called, is de- 
termined by Physical Astronomy, and the coefficients are calcu- 
!at^ from observation. The three greatest equations, and the 
irst discovered, are 

The evection = 1® 20' 30" sin 2 {( D - G ) -M }, 

the variation = Sb' 42" sin 2 ( Ji - O ), 

the annual equation = ll' 12'' sin m, 

where D is the Moon's mean longitude, O the Sun's true lon- 
gitude, and m sind M the mean anomalies of the Sun and Moon. 

To use these equations, let D be the Moon's mean longitude 
calculated from the mean motion at any time. 

Then the mean longitude corrected for the evection and 
variation 

D '=D -1^20' 30" sin {2(D - 0)-M }-35'42"8in2( D -0), 
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Let E be the equation of the center^ calculated as in Art. 240. 
from this mean longitude^ and the place of the perigee ; then the 
true longitude 

And the true longitude corrected for the annual equation 

D'''^ ])"-ir la^sinm. 

319* The time of the MoorCs rotation equal the time of its 
revolution round the Earth. 

The Moon seen through a telescope/appears covered with a 
great number of spots resembling excavations or prominences, 
they remain fixed nearly in the same position^ and have been 
laid down in maps. These maps serve for alt times, and 
therefore prove that the same face of the Moon is always turned 
towards the Earth, from whence it follows, that the Moon turns 
round its own axis from west to east in the time of its motion 
round the Earth. - For an observer placed in the Moon's center 
as the Moon revolves round the Earthy would attribute all the 
motion observed to the Earth, and the line joining the centers 
of the Earth and Moon would appear to him to revolve round 
the heavens from west to east in a month. But as the same face 
of the Moon is always turned towards the Earth, this line must 
always cut the Moon's surface in the same point, which would 
be impossible, unless the Moon's surface turned round an axis 
perpendicular to the plane of the Earth's apparent motion in 
the course of a month. 

The greater part of the Moon's face turned towards the 
Earth remains the same> but parts near the edge are brought 
into view, and carried out periodically, and these effects are 
called Librations^ 

320. The librations of the Moon. 

The tendency of the Moon's motion in its orbit, is to bring 
the western limb into view, and to carry out the eastern limb, 
which is contrary to the effect produced by rotation ; and in 
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the course of a whole revolution, as much is carried out of sight 
by the rotation, as is brought in by the revolution. But as the 
motion of rotation is probably constant, whilst the angular 
motion round the Earth varies ; therefore when the Moon's 
angular velocity is less than the mean, more of the eastern limb 
ought to be brought into view by the rotation^ than is carried 
out by the Moon's motion in its orbit^ and less when the Moon's 
motion is greater than the mean. . This effect coincides with 
observation, and is called the Moon's Libration in Longitude. 

The Libration in Latitvde is an oscillatory motion of the parts 
of the Moon's disk near its north and south poles^ and is caused 
by its axis of rotation, not being exactly perpendicular to the 
plane of the Moon's orbit. In consequence of this, when the 
north pole is turned towards the Earthy the parts adjacent to it 
are visible; and at the end of 14 days, when the north pole is 
turned from us^ these parts are withdrawn, and the parts near 
the Moon's south pole are brought into view. 

A third libration called Diurnal Libration, is due to paral- 
lax^ in consequence of which, when the Moon rises^ parts of 
the upper limb are seen, which would not be seen from the 
Earth's center, and which disappear as the Moon ascends. 

Besides these librations which are only apparent, and do not 
affect the Moon*s uniform rotation, there is also a real motion of 
the Moon's equator. The inclination of the Moon's equator to 
the ecliptic, may be determined in the s^me manner as the in- 
clination of the Sun's equator. Art. 340, and it has been found, 
that a plane drawn through the Moon*s center, parallel to the 
ecliptic, lies between the plane of the Moon's equator and the 
plane of the Moon's orbit, and that these three planes always 
intersect in the same line ; therefore as the line of nodes of the 
Moon's orbit makes a complete revolution in 6793^, the inter- 
section of the Moon's equator and the ecliptic must, revolve < in 
the same time, and the poles of the Moon's orbit and equator 
must describe small circles round the pole of the ecliptic in 
9uch a manner, that tliese three poles lie always in the same 
great circle. 
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321. The Moan's phases • 

Let S, Mf E (fig. 60.) be the respective centers of the Sun, 
Moon and Earthy and Mm perpendicular to SE ; then, as in 
Art. 303. if 2 A be the Moon s disk, and P the phase, or illumi- 
nated part of it, 

P = A . ver-sin SMO = A . ver-sin (S + £). 

„ ^ Mm , EM.sinE ^ rad© , _ 
"^ SM ^^^^' "^ SE ' "^ '"«£"'**" ^ 

and — ^r=;- = the Sun^s parallax 8^.47 ; 
SE 

.'. S = 8'.47. sinE, 

and therefore P == A . ver-sin (E + 8'.47 . sin E), 

where E is determined by the equation 

cos E =s cos Q • cos {!> — G ), 

7) being the Moon*s reduced geocentric longitude, and /3 the 
geocentric latitude. 

In conjunction, 

3) — O =0, and E = fi; 
.-. P = A . ver-sin 03 + 8'.47 . sin jS), 
which is not 0, unless the Moon be in its node. 

As E increases, the illuminated part increases, and when 

£+8^47.sinE==90^ 
half the disk is illuminated. E is, in this case, evidently less than 

When D - O =90^ £ = 90, 

and P is greater than A, and goes on increasing till opposition, 
when 

P = A . ver-sin ( 1 80^ - )3 - 8'.47 sin )3), 
which equals the Moon's disk, if the Moon be then in its node* 
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322. Cor. When half the Moon's disk i» ilhimiiMtedy 

SME = 90^ 

and the boundary of the iHuminated part is a right line ; if^ 
therefore, the angle E be observed when the bouindary of light 
is a straight line, 

SE : EM :: 1 : cos JS, 

or the D 's parallax : theo's :: 1 : cos J5. 

This method of determining the Sun's parallax from the 
Moon'sj was employed by the ancients, but does not admit of 
great accuracy, from the difficulty of observing the exact time 
when the boundary of light and darkness is a right line. 

323. The £ard^ to an inhabitant of the Mooq^ must pre-^ 
sent nearly the same phases as the Moon does to us, and if P^ 
be the visible illumined part of the Earth's disk, and 2 A' tlie 
apparent disk seen from; the Moon» 

F = A' . ver sin (180 - E) = A'. (1 + cos E), 

and P = A . ver sin {S + E) = A . (I - cos JS), nearly, 

since the greatest value of S is 8\47* 

Hence, when 

£ = 0, P=0, and Frr^A'. 

As E increases, P increases, and P^ diminishes, and When 

£=180^ P=2A, and P' = 0. 

The pale light observed on the Moon in conjunction, is 
caused by the reflected light from the Earth, then at the full, 
falling on the dark side of the Moon« 

323. To find the retardation of the Moon^s rising on succes- 
sive nights. 

Let HO (fig^ 6l.) be the horizon, EQ the equator, Z the 
zenith, AB the Moon's orbit, A the place of the Moon at rising. 
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B the place in its orbit where it rises the next day^ then if Bb 
be a parallel of the equator, b will be the place of the horizon 
on which it rises, and Dd will represent the diiference of the 
times of rising on succeeding days, pBD, pbd being circles 
of declination through £ and b. 

Let AB the Moon's daily motion = 9?2, 

BAO the inclination of the Moon's orbit to the horizon =:ity 

and ZEszgoP^HE=spH, the latitude of the observer, = /. 

Then considering the small triangle BA b as rectilinear, 

Bb : m :: sin n : sin Bb A or cos Hbp^ 

and Dd : Bb :: I ' : cos^; 

/. Dd : m :: sin n *: cos ^* cos Hbp, 

But in the right-angled triangle Hpb, 

sin /=sin pb .sin Hbp^ cos S .sin Hbp; 

. „, sin I 

/. sm Jtibp = 5, 

coso 



rr Y \/c08* S— Sin^ / 

and COS Hop ^ -^ 5 ; 



.-. Dd = 



COS 

m . sin n 



>>/cos* S— sin* / 



324. Cor. Hence may be explained the phenomenon of 
the Harvest Moon. 

If the Moon's orbit be supposed to coincide with the ecliptic, 
which it does nearly, sinn is least, when the Moon rises in 
Aries (Art. 84.) ; therefore the numerator of the above expression 
is then least, and because cos*^=l, the denominator is then 
greatest; therefore on both accounts Dd is least, and if the Sun 
be at the same time in Libra, the Moon is then at the full; there- 
fore the full Moon, which takes place near the autumnal equinox, 
rises nearly at the same time for several nights, and as this is 
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near the time of harvest ia north latitudes^ it is called the Harvest 
Moon. 

The inclination of the Moon's orbit to the horizon continually 
increases from the rising of its ascending node till the setting, 
when it is greatest ; therefore^ the difference of the times of 
setting of the full Moons, when the Sun is in Libra, is the 
greatest. 

325. For the same reason that the solar days are longer in 
summer than in winter^ the Moon will be longer above the 
horizon when on the north side of the equator than when on 
the south ; therefore in winter, the full Moons which are op- 
posite to the Sun; being on the north side of the equator, will 
be longer above the horizon than in summer, when their light 
is less needed. 

32f6. To find the height of a lunar mountmn. 

Let JIf {fig. 62.) be the summit of a mountain illuminated by 
a ray of light from the Sun 5, which touches the Moon's disk 
in Zr; then, to a spectator at the Earth £, LM vt'iXX appear as 
a dark line, projected on the plane of vision by the perpen- 
dicular lines EMnj Lo, and may be measured by a micrometer. 

Let C be the Moon's center, join CM, and measure SEM 
the angle of elongation of S from M\ then, since the distance 
of the Sun from the Earth and Moon is very great compared 
with their distance from each other, ES may be considered 
parallel to LM, and the angle LMn = SEM=:E. 

Let 710 (= Lr), the projection = a, a being measured by a 
micrometer iu parts of the Moon's disk, r = the radius of the 
Moon, and x = the height of the mountain ; then, because LM 
is a tangent at L, 

a^ 
(2r + T).x = LM^ = 



sin'E' 
2r.8in'£' 

B D 



^' 1-2 

X = r-g—^, neglcctmg x . 



SIO 



Cob. If JS ?= 90^ x sz ^.^. 

r 



Some of the mountains thus measured in the Moon are found 
to be near five miles high, which is much greater compared with 
the Moon's diam*eter^ than the height of any terrestrial moun- 
tain is^ compared with the Earth's. 



Jupiter's Satellites. 

327* Jupiter, when seen through a telescope, is seen ac- 
companied by four small bodies which never separate far from 
itj and appear to revolve round it from west to east^ becoming 
invisible when they enter the west side of Jupiter's shadow, and 
again emerging on the east. From this it is evident that these 
bodies which are called satellites are opaque bodies, serving the 
purpose of Moons to Jupiter, and revolving round it whilst 
Jupiter moves in his orbit, in the same manner as the Moon 
does round the Earth. The beginning and end of the eclipses 
of the third and fourth satellite can generally be observed from 
the Earth, but the two other satellites are so near to the body 
of Jupiter that the immersion only can be seen when the Earth 
is west of the line joining Jupiter and the Sun, and the emersion 
when it is ea$t, the satellites being hidden by Jupiter's body, or 
suiFering an occultation^ at the time of emersion in the first case, 
or of immersion in the second. 

328. To find tlie period of a satellite round Jupiter. 

Let the beginning and end of an eclipse of the satellite be 
observed, then, the middle of the eclipse may be found, which 
is nearly the time of the planet's opposition. If the time of 
another opposition be found in the same manner, the whole 
time between, divided by the number of oppositions in the 
interval, gives the synodic time of the satellite (S). From this, 

PS 

the sidereal period round Jupiter = is known ; P being 

Jupiter's sidereal period. 
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329* Cor. From the above the mean motion in longitude 
{m) of a satellite round Jupiter may be found; and if / be the 
Jovicentric longitude of a satellite at the time when the satellite 
suffers an occultation from Jupiter^ the longitude at any time 
t from this =/-f m^. But when the satellite suffers an oc- 
cultation by Jupiter, its jovicentric longitude = the geocentric 
longitude of Jupiter^ which can be determined ; whence the 
jovicentric longitude of a satellite at any time is known. This 
supposes^ indeed^ that the motion in longitude of the satellite is 
constant^ which is very nearly the case^ since the orbits are nearly 
or quite circular. 

330. If Z, l\ /" be the jovicentric longitudes of the three 
first satellites at any time, it is found that Z— S /■' + 2 /" = 180® 
very nearly. From this curious result it follows that the three 
first satellites cannot be eclipsed at the same time ; for if the 
three satellites were eclipsed together, we ought to have at this 
time /=/=/''; but if 

/ = /', r-/' = 90^ and if / = /", /-r = 60*. 

Since /-3/' + 2r= 180% 

.% dl-SdV + 9.dV' = 0, 

where dl^ dl', dl" represent the motions of the three satellites. 

• 331. To Jind Jupiter* s distance, from an observed eclipse oj 
a satellite. 

Let S (fig. 63.) be the Sun, I Jupiter, O the satellite, and 
E the Earth at the time of an eclipse, which, being known, the 
jovicentric longitude (/) of the satellite is known. 

Let the Sun's longitude, SE^ = O • 

fi/v or /Ev the geocentric longitude of Jupiter = \, SJ^r, 
5£ = B. 

Then S/£ = nJO=:/-X, 

lES K= • = X — ; 



8I« 

. r% R :;Bm(X-©): nin(/-X); 




R.B\ail-\)' 



332. If an eclipse of a aatellite be observed when Jupltef 
js nearly in opposition with the Sun, and from the known syno- 
dic motion of the satellite, the following eclipses be calculated, 
they are observed to happen always later than the calcnlated 
time, and the difference goes on increasing, till Jupiter is in con- 
juiictioi) with the Sun, when it attains its maximum ID 2a . 
From this Riimer conjectured, that the eclipses were not seen 
by us at the instant of happening, but that light takes 8' 13 to 
pass over a radius of the Earth's orbit. This hypothesis fully 
explains all the appearances, and also accounts for the change 
of place in the fixed stars treated of in the chapter on the aber- 
ration of light. 

333. Tojind the line of nodes of the orbits of Jupiter and 
one of its sateilites. 

When the duration of an eclipse of a satellite is greatest, the 
satellite must pass through the middle of Jupiter's shadow, which 
lies in the plane of Jupiter's orbit; therefore, the satellite must 
be in or very near its node at the time of opposition, and the 
heliocentric longitude of the node miisl be the same as that of 
Jupiter; this latter is known from the time of the observatioa; 
therefore, the direction of the line of nodes is determined. The 
method is not applicable to the two first satellites, the duration 
of whose eclipses cannot be observed ; but if the immersion be 
observed, and the time of the satellites' opposition be taken 
for the middle of the eclipse, half the time of an eclipse may 
be determined, and observing when this is greatest, the rest of 
the operation will be the same as before. 

334. To find the i/icliiiatioji of' a salellile's orbit to tile 
plane of' the orbit of Jupiter. 

Let DCE (fig. 64.) be a section of Jupiter's shadow at 
the distance of the satellite, made wbeu the duration ( 



m of the ■ 



9tS 

eclipee is near its minimuiii, DCN tb« path of tke si^teUto i 
tjsrscclHig Jupiter's orbit in N, draw AB pevpendicilltr to DC^ 
wbick nay be considered as a fighl line^ and let ^ be the 
duration of half the eclipse,, and T of the longest eclipse ; tbea 

BC : AE ::t : T nearly; 

But AC : 360^ :: T : cr, 
(T being the synodic time of the satellite ; 

and ilNs= the longitude of the node-* the heliocentric longitude 
of Jupiter s n -^ / ; thereforei from tbe spherical triangle ABN, 

sin 360^ ^^--r = sin (n — Z). sin N; 



.*. sin tJ = 



sin !!^lJl L . 3600 

cr 

sin (n-^O 



The above method is not quite accurate^ since Jupiter is 
much depressed at its pole^ and the minor axis, which is nearly 
perpendicular t6 the ecliptic, is to the major :: 13 : 14. In 
consequence of thiSf the section DCE, seen from the Sun, 
is not circular, and an inclination more near the truth will be 
obtained by diminisbkig the yalue of N, found above in the ratio 
of 13 : 14. 

335. When a satellite is at its greatest apparent distance 
from Jupiter, its apparent distance from Jupiter's center : the 
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apparent equatoreal radius of Jupiter :: the true distance from 
Jupiter : true radius of Jupiter. If, therefore^ the apparent 
distances from Jupiter^ and Jupiter's equatoreal radius be mea- 
sured at the same time with a micrometer^ the distances of the 
satellites may be found in parts of Jupiter's radius. These 
distances are, calling Jupiter's equatoreal radius unity, 

' 6.0485, 9.6235, 15.3502, 26.9983. 
And the corresponding sidereal times are 

1^7691, 3^55 M, 7^.1545, 1 6^.6887, 

between which, the proportionality of the squares of the periods 
to the cubes of the mean distances may be observed. 

Jupiter has also several dark stripes parallel to his equator, 
which are called his Belts ; they often change their appearance, 
and seem to resemble clouds. 

336. Saturn has seven satellites, all of which, except the 
sixth, cannot be seen without powerful telescopes ; their dis- 
tances, expressed in parts of Saturn's equatoreal radius, and 
sidereal periods, are 

Distances. Sidereal Period. 
S.S5 0^.943, 

4.30 1.370, 

5.28 1.888, 

6.82 2.739, 

■» • 

9.68 4.517, 

22.08 15.945, 

64t36 • « • . • • 79*330. 
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The Ring of Saturn. 

337- Saturn is also accompanied by a broad circular ring 
of no considerable thickness^ inclined at an angle of 30^ to 
the ecliptic, in the center of which Saturn seems suspended 
without touching the inner boundary of the ring. The ring is 
illuminated by the Sun and is invisible to us^ when its plane 
passes through the Sun, as only the edge is then illumined^^ or 
when its plane passes through the Earth wheo the edge alone 
is seen, or lastly, when the dark side of the ring, upon which 
none of the Sun's rays fall, is turned to us. 

Since the plane of the ring is not perpendicular to the line 
joining the centers of the Earth and Saturn, the two circular 
boundaries will appear to be two similar ellipses^ and the ratio 
of the axes may be determined in a given position of the ring. 

Take Saturn's center (fig. 65.) for the center of the sphere, 
and let the plane parallel to the ecliptic cut it in the great circle 
TNR, Y being the first point of Aries, and let the ring cut the 
sphere in the arc Nil ; let T be the Earth seen from Saturn on 
the sphere, and draw AT, RT, perpendicular to Nil, cf JR, 
respectively. Then TA measures the angle at which the line 
joining the centers of the Earth and ring is inclined to the plane 
of the ring, and since the ring will appear projected on a plane 
perpendicular to this line, 90^— TA is the inclination of the plane 
of the ring to the plane of projection ; therefore, if 2 a be the 
diameter of the ring or major axis of the projection, and 26 
the minor axis, 

6 = a. cos (90®- Til) = a. sin TA. 

Let X be the geocentric longitude of Saturn's center; there- 
fore, T R» the Saturcentric longitude of the Earth, = 180® + X, 
l^t CY> N, the longitude of the ring's node, =n; 

.-. Nfi=180®+X-«. 



216 

Let ANR^ the incIiDafion of the ring to the ecliptic, = i^. 
Then^ since the ecliptic kas Jbeen aupposcd to pass through 
Saturn's center, if be the geocentric latitude of Saturn, TR 
will equal — /3. Hence, knowing NR, RT^ and the angle 
jtNltf AT may be found in the same manner as the krthude 
Arom the given right ascension^ declinatioti^ and obliquity. Thus 
we obtain 

- ^iinAT 
a 

== sin y • cos /3 . sin (n — X) + sin )3 • cos v. 

338. Six satellites fiarre been discdrei^ afttendtng Uramis, 
their distance from which, in parts of the radius of Uranus, and 
tlieir sidereal periods, are 

13.12. 5*.8l, 

17*2 . 8,71, 

19.84 10.96, 

^2.75 13*46, 

45.51 38,07, 

91.01 ....••.. 107.69' 

iProm the difficuky of observii\g them, litde is kncmti of the 
other elements of these satellites, or of those of Saturn. They 
observe like those of Japiter and Saturn the proportionality of 
the squares of the periods to die cubes of the mean distances. 

339* If a remarkable spo^ observed on the disk of any 
planet or satellite at different times, has changed its apparent 
place more than .vaturally arises from tke combkied motions of 
the EatA and planet, the planet must have revolved round an 
axis, and the time of rotation may be determiiied from tb|8 
circumstance. The times of rotation of the Sun, Mercury, 
Venus, Mars, Jupiter, Saturn, have been determined, as vrell 
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as those of Jupiter's satellites and the seventh satellite of Saturn, 
and the strongest analogy induces us to believe that the rota- 
tions of all the other bodies of the system have not been 
discovered, only from the difficulty of observing them. All 
these rotations are as the other planetary motions from west to 
east, and it is remarkable that the time of rotation of any 
satellite = the time of revolution round its primary. 

The Sun's rotation is determined from observations made on 
dark spots which appear often on the Sun's disk, and vanish 
after some time. They frequently disappear soon after being 
formed^ and at other times continue long enough to be brought 
into sight on the west side of the Sun's disk, and carried out on 
the east several times before they finally vanish. The mean 
interval between two appearances of the same spot is about 27 
days, and as this is the synodic time of the Earth and spot^ this 
gives a period of about 25 days for the time of the Sun's 
rotation. 

340. To find the heliocentric latitude and longitude of a 
spot on the Sun^s disk. 

Let S (fig. 66.) be the Sun's center, E the Earth's, P the 
spot referred to the ecliptic by the perpendicular PN* 

Let /^the heliocentric longitude of the Earth, 

jr= • t • t ...spot; 

.'. ESN=sl-x. 

Let PSN the heliocentric latitude =y, 
PEN the geocentric latitude = /3, 
SEN the diflference of geocentric long, of S and P=E, 
A = the Sun's semi-diameter. 

Then SP . sin y = P]V=: EP . sin /3 s: SE . sin /3, nearly ; 

r 

. SE . ^ sin/3 

^ SP smA 

E E 
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and SP. cosy : £P . coi jS :: SN : NE 

:: sin E : sin(?-x); 

. , ^ sin E. con li EP 

.% sin (Z — x) = : • -Q^ 

cosjjr ^^^ 

sin E . cos ft 
sin A • cos y 

sin £ . cos P 



. ^/sin* A — sin*^ 

sin E • cos 3 
x/sin (A +)3) . wn (A — )3) ' 

341. To find the inclination of the Sun^s equator to the 
ecliptic^ and the time of the Sun^s rotation. 

Suppose E (fig. 670 the pole of the ecliptic^ P of the Sun's 
equator, j4, A\ A" heliocentric places of the same spot, ob- 
served at rtffee difffereYit times; join EA, EA', EA'\ PA, 
PA\ PA'' ; then EA, EA\ EA", the co-latitudfes, and AEA\ 
AEA'\ A'EA'\ the diflferences of longitude may be determined 
by the last article from geocentric observations ; therefore, in 
each of the triangles AEA', AEA'\ A'EA!', two sides and the 
included angle aire given, from which the bases> and the angles 
at the bases, may be determined ; therefore, the angles A' A A", 
AA'A'\ AA"A\ wfaicli are the sums of two angles at the bases^ 
may be found* Now, because P is the pole of the Sun's 
equator, parallel to which the spot revolves, 

PA = PA' = PA'\ 

and if PQ, PR are respectively perpendicular to A A', AA'\ 

ACL = \(^AA\ and AR = \AA\ 

Therefore, by Napier's rules, 

cos PAA! =tan ACL . cot AP (l), 

cos Pilil" = tan iliJ.cot AP (2); 
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.*. cos PAA' : cos PAA" :: tan JQ : tan AR; 
.-. cos PAA' + COS PAA" : cos PAA' -^ cos PAA' 
:: tan ^Q + tan AP, : tan jIQ— tan AP,, 
or cot i . I'AA" : tan § . i^AAl' - P4^') 
:: sin iAQ.-\- AP.) : sin(AQ— ^A); 

.'. tan i . (P4r ^ P4^') = "".^l^I^p? . cot i . Jl'4-4". 
* am {Aid -^ A K) ^ 

If f . (PAil" — P-A-A'), determined by this equation^ be sub- 
tracted from i (jP44' + P44')j! PA4' is deiermined, and, 
therefore, PjdE^PjiA' -^ EAA'-, also, il£ is Impwn^ and 
P^ determined by equation (1); therefore^ in the triangle^ 
P4£j two sides PA^ and jIE, and the included angle PAE, 
are knQwn, from \v'hence PEx the inclination of the Sun*s 
equator to the ecliixtic^ may be found. Also from the triangle 
APQ we may 6nd the angle APQ; and therefore its double 
4P4'; and 4P4' • 360® :: the observed tin»e from 4 to 4' : 
the time of the Sun's rotation. 



CHAP. XVI. 



ON ECLIPSES^ AND OCCULTATIONS OF FIXED STARS 

BY THE MOON. 

342; Since the Earth and Moon are round opaque bodies, 
they intercept the Sun's rays, and form behind them dark conical 
shadows. When the shadow thus formed by the Earth falls 
upon the Moon's disk, which can happen only at the time of 
full Moon^ or when the Moon and Sun are in opposition, the 
Moon is said to be eclipsed; and the eclipse is called total or 
partial, according as the whole or part of the Moon's surface is 
deprived of the Sun's light. Round the conical shadow which 
is produced by the Earth intercepting the whole of the Sun*s 
lights another^ called the penumbra, is formed by some parts 
of the Earth intercepting part of the Sun's light; so that during 
a lunar eclipse, the Moon enters the penumbra first, and the 
obscuration on the Moon's surface increases^ till it enters the 
true shadow^ and becomes eclipsed* 

The new Moon produces effects on the Earth, similar to 
those which the Earth produces on the full Moon^ for the 
Moon being then in conjunction with the Sun^ may prevent all, 
or parts of the Sun's light, from reaching places on the Earth's 
surface, and thus cause total or partial eclipses of the Sun. 

343. The cause of lunar eclipses not happening, every full 
Moon, or solar eclipses every new Moon, exists in the Moon's 
orbit not coinciding with the ecliptic, but being inclined to it at 
an angle of 5^ 9'; for if the Moon's latitude, when in opposition, 
exceeds the semi-diameter of a section of the Earth's shadow at 
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the distance of the Moon + the semi-diameter of the Moon, the 
Earth's shadow will fall above or below the Moon, and there 
will be no lunar eclipse. For the same feason the shadow of 
the new Moon may fall above or below the Earth; so that 
eclipses can only happen when the Moon is near its node at the 
time of syzygy. 

344. The synodic period of the Sun and Moon is 29^53058, 
and that of the Sun and the node of the Moon's orbit, is 
346*.6l96, which numbers are to each other as 19 : 223, nearly; 
if, therefore, the Moon and node are both in syzygy at the same 
time, they will be together again under similar circumstances 
after £23. lunations, or 19 revolutions of the node, and eclipses 
will recur again in the same order after an interval of 223 
lunations^ or 18^ 11*, nearly. 

If the ratio of 223 : 19 were exact, and the Sun and Moon 
moved uniformly, nothing more would be requisite for the cal- 
culation of future eclipses, than the registered observations of 
eclipses during 18^ 11*^; but as both these hypotheses are in- 
correct^ the method can only be regarded as an approximation 
which may be used as a guide to more exact investigations. 

345. To find the length of the Earth* s shadow, and the 
sections of the umbra and penumbra, at the distance of the 
Moon. 

Let ABC, abc (fig. 68.) be sections of the Sun and Moon, 
made by a plane passing through their centres ; BD, CD com- 
mon tangents meeting in D; BOc^ COb common tangents 
meeting in O ; then if the figure revolve round SD, BDC will 
generate the conical shadow of the Elarth into which hone of 
the Sun's rays enter, and mbp, ncq the penumbra which admits 
only part of the. Sun's rays. LieXpmnq be a section of these 
figures, made a plane perpendicular to SO at the distance of the 
Moon, and let p be the Moon's horizontal parallax, tt the Sun's, 
Ik and (T their apparent semi-diameters, and R the radius of the 
Earth; then 



. . ED=^- 
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sin ED b sin (<r — tt) * 
The radius of a section of the shadow at the Moon 

^MEm 

z=zEmB^EDm 

The radius of a section of the penumbra 

^MEp 

=^EOp+EpO. 
But EOp=:SOB 

=OBD+ODB 
= Stt+o- — TT = TT + o- ; 
.-. MEp=p + 7r+<r. 

346. Cor. The numerical values of ED, MEm, MEp 
are subject to change^ from variations in the distances of the 
Sun and Moon from the Earthy 

ED varies from 212 to 220 radii of the Earth. 

MEm 37' 42" 45' 52", 

MEp 1° 8' 12". ... 1° 18' 27". 

It was remarked, that no eclipse can take place when 
the distance of the Sun from the node of the lunar orbit at the 
time of the Moon's being in syzygy, exceeds a certain quantity, 
this quantity, which is not the same in lunar and solar eclipses, 
is called, in the former case, the lutiar ecliptic limits and in the 
latter the solar ecliptic limit. 
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347. To find the lunar tcliptk limit. 

Let ON (fig. 69.) be the ecliptic, N the node of the Moon's 
orbit LN, the center of the Earth's shadow when the Moon 
is in opposition^ S the center of the shadow when the Moon is 
in the node; therefore in the time from L to N, the Moon 
approaches S by the difference of latitude LO^ and recedes from 
it by the difference of longitude SN. Take SM=iLO, and join 
MN; then^ considering LN, ON, MN to be right lines, if a body 
describe MN uniformly in the time of the Moon's moving from 
L to N, it will approach and recede from the fixed point S in 
the same manner as the Moon in its orbit LN does from <S in 
motion; if^ therefore, Sm be drawn perpendicular to MN, Sm 
is the nearest approach of the centers of the Moon and shadow, 
and taking Sm{A) = the greatest semi-diameter of the Moon 
10' 45^' + the greatest semi-diameter of the shadow at the dist- 
ance of the Moon 45' 59,", the greatest value of SN or ON, at 
which an eclipse is possible, will be obtained. To find SN; let 
m be the Moon's horary motion in longitude, s the Sun's^ which 
is the same as that of the shadow, J's^ m — 5, the relative horary 
motion of the Moon and shadow, g the Moon's horary motion 
in latitude. Then, because SM, SN are described in the same 
time with the unifoim motions g andy, 

figiiSN: SM :: 1 : tan N a |.; 



... SN = ^ = A ^1^11^ 

sm iV g 

Now ON : SN :: m : /; 



• • 



/ g 

t 

The numerical value of ON is 1^ 36^; if, therefore, the differ- 
ence of longitudes of the Moon and node at the time of oppo- 
sition be greater than 1£^ 36^ no lunar eclipse can take place, 
if ON^ 12^ 36' the Moon's disk may just touch the shadow, 
and if ON is less than 12^ 36^, there may be a lunar eclipse. 
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Similarly, if A' be taken equal, the least semi-diameter of the 
Moon 14' 40" + the least semi- diameter of the shadow 3?' 42", 

/ g 

the least ecliptic limit is obtained; if, therefore, the Moon at 
the time of opposition be within 9^ of the node, there must be 
a lunar eclipse. Between the distances 9^ and 12^ 3&, an 
eclipse is doubtful, and the exact values of the radii of the Moon 
and shadow must be found in order to ascertain whether there 
will be a lunar eclipse or not. 

348. In lunar eclipses the Earth's atmosphere deflects and 
absorbs those rays of the Sun, which pass near the Earth's sur- 
face, and thus causes the shadow of the Earth to appear some- 
what larger than it would otherwise be. In order to take this 
e£fect into account, astronomers consider the radius of the shadow 
to be one-sixtieth greater than the value found in Art. 345, or 
add as many seconds as there are minutes in the radius of the 
section. Some of the rays deflected by the atmosphere enter 
into the shadow, and cause a faint light sometimes perceived on 
the Moon's disk* in the middle of a lunar eclipse. 

Another singular effiect of our atmosphere has been sometimes 
observed, by which the Sun and Moon were both so elevated by 
refraction, as to be visible above the horizon during a total 
eclipse of the Moon. 

349* To find the time, magnitude^ and duration of a lunar 
eclipse. 

Let ABS (fig. 70.) be a section of the Earth's shadow at 
the distance of the Moon, Sn the path described by its center 5 
on the ecliptic ; Mn the relative orbit of the Moon, Mn, Su 
being considered straight lines, as in Art. 347. Draw SO per- 
pendicular to Sn and Sm to Mn, then O and m are in the 
places, with respect to S, of the Moon in opposition, and at the 
middle of the eclipse. 
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Let a = SJB=j} + 7r— cr the radius of the section of the shadow, 

/3 = SO, the Moon's latitude in opposition, 

y*=: the relative horary motion in longitude of the Sun and 
Moon, or the motion in longitude of the Moon in the relative 
orbit Mfiy 

h = the Moon's horary motion in the relative orbit, 

g = latitude ; 

/ut = . . . .^ semi-diameter ; 

g 
.\ tan « = j; , and g = A sin n. 

Let M and M' be the places of the Moon's center at the 
time of the first and last contact ; therefore 

Now S»i = Xco8»; 

.•. Mm = >^(a + m)* — X* cos* n = M'm, 

and mO = \aiun. 

If, therefore, t and t' be the times from opposition of the first 
and last contact, and T the time of opposition, 

JIf i»—Oot j /- — - — f7 r-5 5— _ . , sinw 

t = 7 = i V (« + f* ) "~ ^ cos w— A sm «j . , 

^ 8 

, M'm + Om f jr- r5 ;-5 5— ... , sin « 

^ =- r = {vCa +/u) -- X cos*»+Xsmw} .- ; 

h g 

M 5 5 — sin n 

/. the duration = ^\/(a+fi) -\ cos « . . 

The time from opposition of the middle of the eclipse 

^ Om ^ X sin* II 
A "* g ' 

The magnitude of the eclipse, or the part of the Moon im- 
nilersed 

Ff 
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= Stt - Sv, 

= Stt — Sm + mv 

= a — X cos n + /uL» 

The Moon's diameter is generally divided into twelve equal 
parts called digits ; 

therefore the digits eclipsed : 12 :: a — X cos w+fx : 2fx 

= - . (a — X cos n + f*)* 

350. Cor. 1. If X cos n be greater than a+fi, t and ^' are 
impossible, and no eclipse can take place, as is also evident from 
the figure. 

351. CoR. 2. In exactly the same manner it niay be proved, 
if t and t' be the times from opposition of the centers of the 
shadow and Moon being at any given distance c, 

t = (x/ c — X cos « — X sm «) . , 

g 



f' = (^c"-.X'cos'» +X sin n) 



sm n 



g 



352. CoR. 3. If c =;? + Tr+tr + ynsthe radius of the 
penumbra + the radius of the Moon, the times of the Moon 
ehtering and emerging from the penumbra are obtained. 

353. The horary motion of . the Moon is about 32^', and 
that of the Sun 2^'; therefore the relative horary motion of the 
Moon is so', and as the greatest diameter of the section at the 
distance of the Moon is l^ 31' 44", a lunar .eclipse may last 
more than 3 hours. 

354. To find at what place on the Earth's surface a given 
lunar eclipse is visible. 

Suppose t the Greenwich time of the beginning of the eclipse. 
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and £ the Moon's declination^ then, «ince the Moon is in appo- 
sition, a place with a latitude h^ and east longitude from Green- 
wich (12 — • 1^^ will have the Moon in its zenith at the begin- 
ning of the eclipse; if, therefore^ about this point as a pole 
a great circle be described on a common terrestrial globe^ all 
places included between this circle and its pole^ will see the 
beginning of the eclipse. In the same manner the circle 
bounding all places which see the end of the eclipse may be 
found ; and those parts of the Earth which are common to the 
two divisions^ have the Moon above the horizon during the 
whole time of the eclipse. 

Solar Eclipses. 

3d5« A solar eclipse is the same in its physical circum- 
stances as an eclipse of the Moon, and the preceding formulae 
may be changed, so as to apply to it. The objects of calcula- 
tion are however very different in Ulnar and solar eclipses, being, 
in the former^ to determine merely whether any part of the Sun's 
light is intercepted, and in the latter, not only this, but also 
from what part of the Earth it is intercepted. On this account 
eclipses of the Sun are treated somewhat differently from those 
of the Moon. 

356. To find the angular distance of the Moon and Sun's 
.centers at the beginning of a solar eclipse. 

Let HBy rbf MO (fig. 71.) be sections of the Sun, Earth 
and Moon, made by a plane passing through iheir centers, Rry 
Bb common tangents to the circles RB^ rb. Then when the 
Moon enters any part of the luminous cone formed round the 
Sun and Earth, as at O, it intercepts a portion of the Sun's 
light from reaching the Earth, and the solar eclipse begins; 
therefore the distance of «$ and 3/, at the beginning of the 
eclipse 

^SER + OER^OEM 
^SER + EOr- ERr+OEM 
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SEO the radiui of the lummous cotM at the distance of the 
Moon 

^SEM-'fi 

^<T+/?— IT. 

357« From the figure^ it is evident that the eclipse begins a| 
r some time before it is visible at «the center of the Earthy on 
account of the spectator at r being so much raised above Ey or 
which is the same things on account of the Moon being sq 
much depressed by parallax to a spectator at r. For the same 
reason, when the Moon appears emerging to a spectator at E, 
it may be so depressed by parallax at r, as to have emerged 
some time, whilst from the same cause^ to a spectator at %^ the 
emersion may not have commenced* The Sun is affected by 
parallax as well as the Moon, although in a much less degree, on 
account, pf the nearness of the Moon to the Earth; therefore 
the centers of the Sun and Moon are made to approach or 
separate i^y the difference of the lunar and solar p£M*allax. 

358. ff tangents to the 'Moon's disk be dri<vn ftom''^^ 
point of the Earth's surface as r at the ihstatit of ^refii^dt 
obj^cifration^ ^the f c^ipse at r . \vill be total^ when tbfise tan&;ents 
include the Syin, ^aWiaZ when^ part of u> and 

annular when they botli fall within the Sun's clislc. 

^^9iu^^i^o}^n 9c)iptic.jlimits. inaiy be found in the same 
manner as those of ,tlie !^oo^ ^f^fi^ hy. making SrihUfi^. 69*) 
s= the greatest semi-diameter of the section of the luminous 
cone at the Moon + the greatest semi-diameter of the Moon, 
for the greatest limit; or^ = the least semi-diameter of the sec- 
tion + the least radius of the Moon^ for the least limit. Hence 
it appears^ that if the diatance of the Moon, in conjunction, from 
the node is 

less than 13° '42' th^*tei!ip*e i»^eertaili,.'»n; .u vi i. 

between 13® 42' and 19® possible, 

greater than 19® ...;........., impossible. 
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36o. To find the time and duration of a solar eclipse. 

Adopting the same figure and notation as in the lunar eclipse, 
with the exception of making EB (a) the radius of a section 
of (he luminous cone at the Moon = a +p — ir. 

The time from opposition of the first contact 

;; 5 — . , sin/* 

= |^(fl4-/u)' — X^cos' w — A smnj . 

o 

The time from opposition of the last contact 

sin. u 



= {^y (a -f /uf — X* cos^ n + \ sinn]. 



g 
The duration 



sm n 



= 2 V (a + fi) — X cos n. 

g 

The duration thus determined is not the duration of the eclipse 
seen from the centre of the Earth, or from any given point of 
the surface^ but the whole duration^ from the time of the eclipse 
being first visible, to the time when the Moon ceases to inter- 
cept any part of the Sun's light. 

361. To find the apparent difference of hngitude and latt- 
tude of the Sun and Moon during a solar eclipse. 

Let n be the altitude, and AT the longitude of the nooagesimal, 
at any time during the eclipse ; / and X the longitude and latitude 
of the Moon, and t the longitude of the Sun. 

Then the Moon's apparent longitude 

, sin n . sin (N — /) 

= I - p r 

cos X 

=. I — p sin w . sin (N^ — 0> 

very nearly, because the Moon's latitude during a solar eclipse 
is very small, and the longitude nearly the same as the Sun's. 

Similarly, the Sun's apparent longitude 

= /' — TT sin n . sin (N — /') ; 



therefore the apparent difference of longitude 

= / - /'— (p - ir) . sin n . sin (N^— /')» 
Again, the Moon's apparent latitude 

= X — p . {cos n . cos X — sin n sin X cos(N — /)} 
= X — p cos fly nearly^ 
and the Sun's apparent latitude 
= — TT cos n ; 

therefore^ the apparent difference of latitude 
X — (/> — tt) cos n. 

362. To calculate the circumstances of a solar eclipse at a 
given place. 

Having, founds as in Art. 360^ the times T and T' of the 
beginning and end of the whole eclipse; the true longitudes of 
the Sun and Moon, and the true latitude of the Moon corres- 
ponding to those times, may be taken out of the solar and lunar 
tables; and correcting the values thus found for parallasc, the 
apparent differences of longitude of the Sun and Moon taay be 
found. Let l^ V be the apparent differences of longitude^ and 
X and X^ of latitude for the times T and T ; then if r be the 
time of apparent opposition^ since the Sun and Moon approach 
in longitude by / — V m the time 5P' — T\ 

.-. I- V : I '.: r- r : T- T; 

l^l' x'-X 

Also —f — =, and -=? — ^are the apparent horary approaches of the 

Sun and Moon in latitude and longitude ; therefore using these va- 
lues instead of y* and g, and the apparent difference of latitude for 
the time r instead of X, all the circumstances of a solar eclipse 



Bt a given place may be ralculnted m the sam 
lunar e^lipse,,^rtti34a.n^ , !-x - .\* -^ - ^ 

363. The circumatan^f^5jpf(.p,3q^ltiecli|>n(;.lprve,beeq calcu- 
lated in Articlea 360, S62, upoD the guppoBition of the Sun and 
Mooii^oviag,Hi|i$o(n>l^>fli''ightAlmes during the whole time of 
the eclipse. This hypothesis was sufficiently accurate for the 
cakvlation of the circuitiatances oPi' Iltha:^' ecllp^j in wMtfa the 
tHne« of the beginning and end CBf^oyti ^fi .^itgC^ly. observed on 
account of thd penumbnt) but in a solar ecl^se, where the times 
of first and last contact can be observed witfa' considerable ac- 
curacy, a more exact compulation becomes necessary. The 
time when a solar ec1l|>!t^' fcoi^'mett'ceif at a'giveii'place, may be 
found with great accuracy in the following, manner, 

364. Let T be the approximate time of the beginning of ifae 
e^|jpsf^,f«fn(l,liy T^rt.,,§^.,;]:;-hl;i*eilf "*.«io» iiifiw iH^i^ 
l^ithei apparent difturence of longitude of the Sim aud Moon (Oj 
an4 the apparent latitude of the Moon (X) be found (Art. 361), 
nnil also f and g, the horary iiicrementa of these quantities, 
\\:hicD may he deduce:! by subtracting the values of ^ and .^ 
calfulaled for half an hour before T, from those calculated half 
an hour afli^r; llieri'forc l-\-fh ^+g' "''6 ^^^ values of/ and X 
at ^e begirintiig of ihe eclipse. Let S (fig. 7?0.he *be,cfi9ter 
oi| the Sun, M of the Moon at the beginning |0f ,lh*i ^B»e. 
and P the pole of ihe ecliptic $!<!■, then 

and if |U and a are the apparent diameters of the Sun and Moon 

therefore by the right-angled ti^ngle SWN, which may be 
cOri*iHfcWa'MBfllifteW;'«iWife'»Wl'JtfWrS^ ar« ^try mall 

,,..t ahptpv'l" Vi"'/'' '"■'i'"-'!?' 'j'''" ' " "" 

from jwhicl^^^ijuadfatic_* n^a^^b^^^fpi}^,,^. , ,„ 
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The least value of t must be taken^ since, by hypothesis^ t is 
very small ; the other value belongs to the time of last contact, 
which may be determined from it^ but not so accurately as if the 
values of I, X,y*, g are calculated for the approximate time of the 
last contact, and the true time found by an equation similar 
to (a). 

365. Cor. 1. If ^ be very small, or the approximate 
value T be very nearly the time of contact^ as generally happens, 
the square of t may be neglected, and t may be determined 
from the simple equation 

(<T+fxT^P + \^ + 2(f+g)t; 

• 2.(/+g) • 

366. CoR. 2. If fx be affected with the negative sign, the 
same equation determines the time of internal contact^ when the 
Moon's disk has just entered within that of the Sun. 

367 • If the Sun and Moon be referred to the equator^ and 
if S be the Sun's declination at the approximate time of contact T, 
Sf and a the differences of apparent declination of the Sun and 
Moon for the same time^ (which may be deduced by correcting 
the difference of the true declinations and right ascensions for 
parallax^ and y* and g the horary increments of ^ and a; then if 
M (fig. 72.) be the Moon^ S the Sun, and P the pole of the 
equator at the true time of contact T-k-t, 

SM=fi + a, MN=:Sr + gt, SN=(a' +ft). cos S; 

.-. (ju + af = (Sr+gtf+(a' +ftf. cosl 

From which equation, deducing the two values of t, t and t', 
T+t and T-^-t' the times of the first and last contact, are 
obtained as before. 

368. To construct for the places on the Earth's surface 
where a given solar eclipse is visible. 

The circumstances of an eclipse^ which depend only on the 
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distance of the Sun and Moon, will not be altered if the Sun be 
considered unaffected by parallax^ and the Moon depressed to or 
from it, by the whole difference of solar and lunar parallax. Let 
iS and M (tig. 73.) be the true centers of the Sun and Moon seen 
from the center of the Earth at any given time during the eclipse. 
With S as polcy and iSv =;/u + ^r — n {n expressed in digits of the 
Sun's disk), describe a small circle round S, take Mv any 
quantity less than p-^fTy and produce the arc t?ilf to a point Z, 
such that 



Mv =/) — Tr . sin ZM. 

Then, at a place the zenith of which is Z^ M will be depressed 
by parallax through Mv, and its apparent distance from S will be 

or n digits of the Sun will appear eclipsed. In the same way 
it may be proved that n digits will appear eclipsed at a place^ 
the zenith of which is Z\ Zv being symmetrical Xo Zv on the 
other side of SM* By taking other points in the arc w', other 
places may be determined, in which n digits appear eclipsed^ 
and if T, T' be the two extreme points^ determined by taking 

Mu^Mu'^P'-ir, and TM^TM^QO^ 

n digits will appear eclipsed at the same given instant through 
the whole curve T T\ If n=:0, the curve in which a contact 
just appears is determined ; if 

and the eclipse is central; in this case^ however, only CMpe 
point is determined, since u and u coincide. In the same 
manner^ by giving to n different values^ all the places which see 
the eclipse at the instant when the Sun and Moon have the true 
distance SM may be found ; and by altering the value of SM 
and repeating the same process, all places at whicb the eclipse 
is visible may be determined. 

When the eclipse is first visible^ 

Go 
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ill litis case aUo u and u' coincide^ and one place only is deter' 
mined, at which the eclipse is seen when the Sun and Moon 
are in the faorison. 

By determining in this manner a few of the extreme places at 
which a given eclipse is seen, the intermediate places at which 
the eclipse is visible, may be easily found on a common globe. 

d6g. To calculate from the preceding construction the places 
where a given solar eclipse is visible. 

Through the pole of the equator P (fig. 73.) draw the decli- 
nation circles PZ^ PM, PG, PS, of which PG passes through 
the zenith of Greenwich ; therefore ZPG is the terrestrial longi- 
tude of the place whose zenith is Z. Let MS = c, SMv s 0, 
SMP = 9, Mv ssP, T = the time at Greenwich, when the true 
distance of the Sun and Moon's center is c, calculated by 
:Art. S60, ^^PM, the Moon's north polar distance, and A'=:PS, 
the Sun*8. Then 

. cos (/I + <r — w) "" cos c . cos P 
^ sm c . sm F 

^ cos A' — cos A . cos c 

cos« = r— r — : — , 

sin A . sm c 

PJIf2=18O^-(0 + 0), 

P 

sin ZM^z , 

j3— ir 

cos P2 = sin ^jJf.sin A.cos (180^— 0—0)+ cos ZAf.cos A 

which determines the terrestrial latitude of 2, 

^^-mM- COS ZM-^ COS PZ ,C08 A 

and cos ZPM= 



cos 3fPS = 



sin PZ • sin A 
cos c — cos A . cos A' 



sin A . sin A 
ZPS^ZPM + MPS; 
therefore the terrestrial west longitude of the place whose zenith 

is Z 

^ZPS^GPS 

=: jSPS — the apparent time at Greenwich is kiu>wn. 
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lu Qvd^r to find all tbe places which see the different phasic^ of 
the eclipse^ P and c vUmi be made to vary ia th^ .maaoer 
pointed out in Art. 368. 

For actual calculation^ the equations of this article may be 
simplified, and expedients adopted, bj which the labour of fincHng 
many places where the eclipse is visible is much lessened. See^ 
Delambre, Astronomie, Chap. xxvi. 

On the Number of Eclipses. 

370. The Sun is more than a month in passing through die 
solar ecliptic limits; therefore there must necessarily be two 
eclipses of the Sun in a year, one at each node. If a solar 
eclipse happens very iiear the node ; at the preceding conjunction 
the Sun had not entered the ecliptic limits, and at the snceeeding 
conjunction will have passed beyond it ; therefore there may be 
only one eclipse at each node, or two solar eelipses in a year. 
If a solar eclipse happen very soon after the Sun has entered 
the ecliptic limits^ there may be another eclipse near the time 
when it leaves the ecliptic limits, and as the same may happen 
at each node, there may be four ^ol^r eclipses in a year. 

The Moon is less than a mon& in passing through: the lunar 
ecliptic limits ; therefore there can be no more than one eclipse 
at each node, and there may be none ;'or there can be only tw^o 
lunar eclipses in a year, and there may be none. 

Hitherto the node has been considered stationary^ but since 
the node recedes about ^^ each year, if a ftolar or lunar, eclipse 
.happen near the beginning of the year, there may be another of 
the same kind, at the same node, near the end of the year ; 
therefore upon the whole there may be seven eclipses; five of 
the Sun and two of the Moon, or four of the Sun and three of 
the Moon, in the course of a year. 

On the Occultation of fixed Stars by the Moon. 

371 • When the Moon passes between a fixed star and the 
Earth, the star is said to suffer an occultation. From this 
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description it is obvious^ that aii occultation is very similar in 
its physical circumstances to a solar eclipse, but is simpler^ on 
account of the star being without motion, and unaffected by 
parallax. As in a solar eclipse^ the times of occultation will be 
different at different places^ on account of parallax, ^ and an 
occultation may happen at some places, and not at. others. 

372. To find the time of an occultation. 

From the known longitudes of the Moon and star, and the 
Moon's motion in longitude at the time when its longitude = 
that of the star, the time (T) of conjunction of the Moon and 
star may be found. Let / and X be the differences of longitude 
and latitude of the two bodies for the time T,f and g the horary 
increments of / and X at the same time, and s the latitude of the 
star; then, as in Art. 364. if 5 (fig. 72*) be the star, M the 
Moon^ and P the pole of the ecliptic at the time of first or last 
contact, since the star's diameter is 0, 

SM=:/uL, MN=^\+gt, NS=^{l+ft). cos s; 

from which equation finding t and t', the two. values of t, we 
obtain T + t and T + f^, the times of the beginning and end of 
the occultation. 

If X and / are the differences of the geocentric longitudes and 
latitudes of the Moon and star, T+t and T + t' are the times at 
which the occultation would be observed from the center of the 
Earth, but if X and / are the differences of the true latitude and 
longitude of the star, and of the apparent latitude and longitude 
of the Moon corrected for parallax at a given place, the apparent 
times of the first and last contact at the place of observation are 
obtained* 



CHAP. XVII. 



ON THE TRANSIT OF VENUS OVER THE SUN's DISK. 

373. When Venus is near the node of ber orbit^ at the 
time of conjunction^ she lies between the Sun and the Earth, 
and is seen to pass like a dark spot over the Sun's disk. 

The transit of an inferior planet over the Sun's disk is ex- 
actly the same^ mathematically considered^ as a solar eclipse, 
and the same formulae may be applied to calculate the one 
which were used for the other^ by changing the quantities'^ g, 
&c. which have reference to the Moon into the corresponding 
quantities for the planet; therefore, if g be the motion of 
Venus in latitude^ f the "relative motion in longitude of Venus 
and the Sun, X the latitude of Venus at the time of conjunction 
(T), c the sum of the diameters of the Sun and Venus, and 

g 
tan M = ^ . 

The time when the transit begins 

g 
The time when the transit ends 

= r+ . {\ sin n + ^ c* ^\^ cos* n}. 

g 

• If c= the sum of the semi-diameters of the Sun and Venus, 
the times of first and last contact, as seen from the center of the 
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Earth are determined, but if c = the semi-diameter of the Sun 

— the diameter of Venus, the times of Venus having entered 
and of beginning to emerge from the Sun s disk, are obtained. 

374. As in a solar eclipse, spectators on the Earth's surface 
refer the planet to different parts of the Sun's disk, on which 
account the observed times of the first and last contact, and 
the whole duration of the same transit, are different in different 
places. This difference arises from the difference of parallax 
of the Sun and Venus, and may be found bj the formulae of the 
preceding Chapter^ when the difference of parallax is given ; 
therefore, conversely, when the difference of the times of du- 
ration is known by observation, the difference between the two 
parallaxes niay be obtained. 

375. The ratio of the parallaxes of Venus and the Sun is 
known from the ratio of their distances ; therefore, if the differ- 
ence of the parallaxes be found from the observed durations of 
the same transit in different places, the Sun's parallax may be 
determined. On account of the accuracy with which the en- 
trance of a dark body like Venus on the Sun's disk may be 
observed, the duration of a transit may be determined with great 
exactness, which renders this by far the best method of finding 
the Sun's parallax. We may judge of its exactness, by con- 
sidering that the greatest difference in the durations of the transit 
of 1769^ observed at different places, was at least 18'; therefore, 
as the Sun's parallax is about S'\5^ it would require an error of 

— . 18', or more than 2 minutes, in the difference of the ob- 
8*5 

served times, to produce an error of l" in the computed parallax 
of the Sun. As it is highly probable that the difference of the 
times of duration is known within^ 15^', therefore, it is in the 
same degree probable that the Sun's parallax was determined 
within 0".25 of its true value. 

If the observed difference had been 25^ it would have re- 
quired an error of nearly 3' in the time of duration to produce 
an error of l'' in the computed solar parallax. 
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37^* To find what places are most eligible for observing 
the transit. 

Since the error in the computed parallax of the Sun diminishes 
as the difference of the observed times of transit increases^ it 
becomes important to enquire at what places it is most eligible 
to make the observations. Not to enter into exact calculations, 
which may be made in a manner similar to those of Art. 369^ 
we may determine the most eligible places with sufficient ac- 
curacy by means of a common globe. 

Suppose (as was nearly the case in the transit of 1769) that 
the transit begins at 7 o'clock, apparent Greenwich time, and 
continues 6 hoursj and that the Sun's declination at the same 
time is 29^ north. Place tbe globe so that the altitude of the 
north pole may equal 22^^ and turn it till the places in west 
longitude 7*15^ = 105^ are brought under the fixed meridian; 
tben^ in this position of the globe^ the Sun will be visible at 
all places above the horizon of the globe, and will be in the 
zenith of a place in north latitude 22^. If now the globe be 
turned through 6.15^ = 90^ all places above the horizon in the 
second position will see the Sun at the time of last contact, and 
those places which have continued above the horizon whilst the 
globe was turned, will see the whole of the transit. 

In the first position of the globe the commencement of the 
transit is not seen by all places in the horizon, but only at one 
place, which lies in the great circle passing through the centers 
of the Sun and Venus, which places may be determined as in 
Art. 368. 

The place which has the Sun in its zenith at the beginning 
of the transit, sees the first contact nearly at the time when it 
would be seen from the center of the Earth ; but as this place 
is near the horizon when the transit ends, the duration is in- 
creased. Since the latitude of Venus is north, at places in 
higher northern latitudes than 22^, Venus is depressed by 
parallax towards the Sun's center, and the duration of the 
transit is prolonged, and this effect is increased with the north 
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latitude of the observer. For the same reason, the duration is 
diminished at places in south latitude; therefore, among all 
accessible places which are above the horizon in the two po- 
sitions, those ought to be chosen which are most north or south, 
in order that the observed difference of duration may be the 
greatest possible. 

Places in high north latitudes, where the nights are short, 
may see the first contact . before sun-set, and the last after sun- 
rise, and in this case also, the duration of. the transit would be 
increased. 

377- To find when a tramit of Venus may be expected. 

A transit can only happen when Venus is near its node at the 
time of conjunction ; if, thereforj^, the Earth and Venus, are 
together in the same node at any time, when they return to the 
same position again, each of them must have made a number 
of complete revolutions. Let m be the number of revolutions 
made by Venus, n the number made by the Earth in the interval 
between two conjunctions; then, since the Earth revolves 
in 365^.256, and Venus in 224*.?, we must have 

m . 365*.«56 = n . 224^7 ; 

m 224.7 






n 365.256 



The continued fractions approximating to ~ are 

n 

JB_ 235 713 

13' 382' 1159' 

Therefore, a transit may be expected at the same node after an 
interval of 8 or 235 or 713 years. Now, a transit happened at 
the descending node in 1769} and at the ascending node in 
1639; therefore, transits may be again expected at the de- 
scending node in 

2004, 2012, 2247, 2255, 2490, 2498, 2733, 
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and at the ascending node in 

1874, 1882, 2117, 2125, 2360, 2368, 2603. 

To ascertain whether there will be a transit at these times, a 
more exact investigation must be made, and the transit will 
happen or not, according as the least distance of the Sun and 
Venus is less or greater than the sum of their semi-diameters. 

378. To find the Suns parallax from the difference of the 
times of duration of the same transit, observed at different 
places. 

Let T, T' be the Greenwich times when the first and last 
contact would be seen from the center of the Earth; T+t, 
T' -^rt' the Greenwich times of the first and last contact, seen 
from the place of observation ; /, /' the true longitudes of 
Venus and the Sun at the time. T\ <f> the horizontal parallax of 
Venus, and f g, 8cc. as before ; then, if a and b are substituted 
for the coefiicients of parallax (Art. 36l.)> the apparent dif- 
ference of longitude at the time T 

therefore, the apparent difference of longitude at the time T-\'t, 

Similarly, the apparent latitude of Venus at the time T + 1 

= \ + 6.(0-ir) +gf. 

Therefore, since the transit appears to begin at the time T+t, 
if c be the sum of the semi- diameters of the Sun and Venus, 



c* = (/-/' + a.0-7r+/O* + (X + 6.0-7r+gO' 



= (/-n* + X« + 2.(a./-r+6X).(0-7r) + 2.{/.(/-O+gX}^; 



>glecting the squares and products of the very small quantities 
and 0— TT. But, since /, I', X, are the longitudes and latitudes 

Hh 



nei^ 

t and 



'S4e 

at the time the transit begins to a spectator in the Earth's 
center, 

.-. {a. (/-/')+4\}.(0-ir) + {/.(/-/') +gX}'=0; 

«= a . (0 — ir)i by substitution. 

Therefore^ the Greenwich time of the first contact being seen 
at the place of observation 

= r + a . (0 — w). 

If j3 be the corresponding quantity to a for the 'time T', the 
ttme of the last contact 

= r + ^.(0-ir); 
therefore^ the whole duration (D) 

= r^r+(/3-a).(0-7r). 

If ly be the duration observed at any other place^ and fi^, 
ti' corresponding values of /3 and a, 

.-. D'-D = (a-a-i3+/5').(0-7r); 

Now, <^ : 9r :: the distance of the Sun from the Earth : 
the distance of Venus; therefore — tt : tt :: the distance of 
Venus from the Sun : the distance of Venus from the Earth. 
Let this ratio, M'hich is known^ be that of 1 : ty 

/. <7r=«.((p— fr)«se. 



a-a'~/3 + /3'' 
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The transit of 1769 was observed in various places^ and the 
most probable value of ir, deduced from the different Umes of 
duration^ was found to be S'\5. 

379* ^^^ transits of Mercury, which occur oftener than 
those of Venus, may be used in the same manner for deter* 
mining the Sun's parallax ; but the observations are subject to 
greater errors^ and consequently, no great dependance can be 
placed on the results. 



CHAP. XVIII. 



TERRESTRIAL LONGITUDE. 

380. If PZpi P2^ p (fig. 74.) be themeridiansof two places^ 
whose zeniths are Z and Z\ and PSp the declination circle pass- 
ina: through the Sun ; ZPZ\ the difference of longitude of the 
places = ZPS — Z'PS = the difference of the apparent 
times at the two places, expressed in degrees. In the same 
manner it may be shewn, if S be the mean Sun or the first 
point of Aries, that the difference of longitude of two places 
= the difference of the mean or sidereal times at the saqye 
places, expressed in degrees. Therefore, the problem of finding 
the difference of longitude reduces itself to finding the difference 
of the reckoned times, whether solar, sidereal^ or mean-solar^ 
for the same instant of absolute time^ at the places for which 
the difference of longitude is required. 

If PZp be the meridian of Greenwich, which the English 
take for their Jirst meridian, ZPZ' is the west longitude of Z^; 
therefore, the longitude of any place = the time at Greenwich 
— the time at that place. If the time at the place of obser- 
vation is greater than the time at Greenwich, the longitude of 
the place is measured east of Greenwich. 

381. To find the longitude of a place by a chronometer. 

The simplest method of finding the longitude is by a chro- 
nometer which can be depended on. If a person with such 
a clironometer, which points out the time under the meridian 
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of Greenwich^ were to travel to a place under a different 
meridian^ the chronometer would continue to denote the Green-* 
wich time ; therefore, finding the time under the second meridian, 
by some of the methods of Chap. VI, and comparing it with 
the time shewn by the watch, the difference will be the longitude 
of the place of observation in time. 

On account of the perfection with which these instruments 
are now made^ this method is extremely valuable; but it is 
obvious that its value must depend in a great measure upon our 
having it in our power to ascertain if the watch goes uniformly, 
and upon our being able to determine and allow for any errors 
in its rate of going ; that is^ upon our being able to find at any 
place^ by independent methods^ the time under the first me- 
ridian, or the longitude of the place of observation. 

382. The difference of longitude of two places may be 
determined astronomically, either by observing some phaeno- 
menon which is seen from both places at the same instant, 
such as a lunar eclipse, an eclipse of one of Jupiter's satellites^ 
signals made on the Earth by the extinguishing of lamps, or the 
explosion of gunpowder ; or else, by observing phaenomena^ not 
themselves happening for both places at the same instant^ but 
from which the times of. happening of some other phaenomenon^ 
which is independent of the places of observation, and there- 
fore the same for both, - may be deduced. Such phaenomena 
are solar eclipses, occultations of fixed stars by the Moon^ the 
transit of the Moon over the meridian, and the observed dis- 
tance of the Moon from the Sun^ or a fixed star. 

383. Longitude by lunar eclipses. 

A lunar eclipse, which is visible to half the Earth, would 
afford ian excellent method of determining the longitude of 
places, if it could be observed with more accuracy; because, 
the eclipse happening for both places at the same instant of 
absolute time, the difference of the reckoned times at two places 
would give their difference of longitude. But, on account of 
the difficulty of determining the separation of the shadow and 
penumbra, two observers of an eclipse at the same place may 
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differ more than 9l in noting the time of contact ; therefore^ 
the longitude determined from the observed times of contact 
may be erroneous to the amount of a! of time, which pro- 
duces an error of 1^ of longitude. The error may be diminished, 
by observing at the two places the times when the shadow 
reaches known spots on the Moon's disk, determining the Ion* 
gitude from each pair of observations of the same spot, and 
taking the mean for the true longitude. 

This method, even if it were more accurate^ must be of little 
use at sea, on account of the comparative rarity with which lunar 
eclipses recur. 

384. Longitude by the eclipses of Jupiter* s satellites. 

Although not so accurate as some of the succeeding methods, 
yet, on account of the frequency with which the eclipses recur, 
and the easiness of the observations, this method of finding the 
longitude is often used. In order to facilitate its application, 
the times at which the eclipses occur at Greenwich are given 
in the Nautical Almanack, by comparing which, with the ob- 
served times at any other place, the longitude of the place may 
be determined. The method cannot be used at sea on account 
of the. difficulty of directing a telescope properly on ship-board, 
which^ as yet, has been found insurmountable. 

385. Longitude by signals. 

Of all methods of determining small differences of longitude, 
perhaps the most accurate is that by signals made on the Earth's 
surface. A rocket, fired from an elevated spot on a clear 
night, may be seen distinctly with a telescope at a distance of 
twenty or thirty miles; therefore, by observing the times at 
which the same explosion is seen at two places, the difference 
of longitude of the places may be determined. If the places 
whose difference of longitude is required, are too distant to ob- 
serve the same signal, a series of such signals must be made and 
noted by observers placed at intermediate places, from whence 
two adjacent signals can be seen. Here, as in other cases 
where accuracy is required, we must not be contented with the 
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longitude determined from one observation^ but take the mean of 
several longitudes determined by numerous observations. 

The times at which the explosions are to take place^ must be 
previously agreed on by the observers, and the telescopes must 
be properly directed during the day-time. Great attention also 
must be paid to the rate of the chronometers^ and to the de- 
termination of the time at the places of observation, which is 
done by corresponding heights of the Sun during the preceding 
day^ and also of a fixed star near the time of observation. 

386. Longitude by the transit of the Moon over the me- 
ridian. 

Of the second class of methods by which the longitude is 
determined, the simplest is by observing the increase of the 
Moon's right ascension in the interval between the transit of the 
Moon over the first meridian^ and over the meridian whose 
longitude is required. 

Let T be the time by the clock when the Moon is on the 
meridian of any place, t the time of transit of a known fixed 
star, 24 + x the interval between two successive transits of the 
same star; then 24 +x : T^t :: 360° : the difference of right 
ascension of the Moon and star at the instant the Moon was on 
the meridian^ to which, adding the known right ascension of the 
star, the right ascension of the Moon (A) when on the meridian 
is determined. Now, the Moon's right ascension when on the 
meridian of Greenwich is given in the Nautical Almanack for 
every day of the year, from whence the daily increment of 
right ascension may be determined ; let, therefore, a be the 
Moon's right ascension when on the meridian of Greenwich, 
E the increment of right ascension in the time between two 
successive transits over the same meridian ; then, considering 
the change of right ascension uniform, 

JE : a — ^ ;: 360^ : the required longitude. 

387* A method similar in principle to the preceding, but 
much more subject to error, is, by calculating the hour angle of 
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the Moon from an observed altitude, an approximate declination 
and the latitude of the place ; then, the Moon's right ascension = 
the Sun's right ascension + the Sun's hour angle— the Moon's 
hour angle is known. Having found the right ascension of the 
Moon, it may be compared with the right ascension when on 
the meridian of Greenwich, and the difference will be the in- 
crease of the Moon's right ascension, whilst by the diurnal 
motion she describes an angle = the longitude of the place + 
the Moon's hour angle : this angle may be found exactly as in 
the preceding Article, and subtracting from it the Moon's hour 
angle, we find the longitude of the place. 

388. To find the longitude by the observed distance of the 
Moon from the Sun, or from a fixed star. 

Let A, a, S be the true altitudes of the Sun and Moon, and 
the true distance of their centers, respectively ; A\ a! , Sf the 
observed values of the same quantities; then, if P and R be 
the Moon's parallax and refraction, p and r the Sun's, cal- 
culated from the apparent altitudes A' and a' by the formulae of 
Chap. ix. 

il = il'— JR + P, a = a' — r +p. 

Let s and m (fig. 75.) be the apparent places of the centers of 
the Sun and Moon, S and M the true places, Z the zenith, and 
let j:' = the angle SZMj then, from the triangle SZM, 

cos ^ = sin A • sin a 4~ cos A • cos a . cos x 

= sin A sin a + cos A . cos a • (2 cos* ^ a? — 1 ) 
= — cos {A+a) + Q, cos A . cos a cos' ^ x. 
But cosS= 1 -Ssin^^S, cos (A+a) = 2 cos* |(il + a) — ] ; 
,*. sin'* i ^ = cos* J (A + a) — cos A . cos a . cos* ^ x. 
And from the triangle Zsm, 
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SI _ «in ^ . (Zm + Zs+ tns) . sin ^ . {Zm 4- Zs — ms) 

COS TJ" •• ""^ ' ^ ' ^ ' 

sin Zm . sin Zs 

cos i U'+a'-S') . cos 4- . (il? + a'+5') 

COS il • COS a' ' 

.-. 8in'i5=rco8*i(il+a)— 

COS A . COS a »,j/./ft/v T.w #f^ 

7.co8i(il' + a'-^).co8i.U'+a' + 5'). 



COS A' . cos a 



Let the subsidiary angle be determined from the equation 
. ^ ^ , 'cosil . cosa co8i(il'+a'--5').cosi(^'+a'-|-^)) 



dn0= \/{ 



cos ^'. cos a'* cos* i (il -I- fl) j' 

/• sin* i S = cos* -^(A+a)- cos* i(il + a) • sin* <j> ; 

.'. sin i S=5 cos ^ (-rf + a) . cos 0, 

from which equation ^, the true distance of the centers of the 
Sun and Moon> may be found. 

The true distances of the Sun and Moon, and the corre- 
sponding Greenwich tiroes, are given in the Nautical Almanack 
for every three hours, from whence^ by taking the proportional 
part^ the Greenwich tinpe, when the distance is ^, may be 
founds and subtracting this from the time at the place of Ob- 
servation^ we obtain the longitude of the place of observation 
in time. 

389- Among the various ways by which the Moon's true 
distance (£) is found, from the apparent distance and the ap- 
parent altitudes of the Sun and Moon^ the preceding, by Borda, 
is considered the best. The following method is also one of 
great simplicity, as the latter part of the operation is performed 
by simple addition and subtraction, without requiring logarithms ; 

1 1 



•.• cos j :^ sin ii . sin a + cos A . cos d . cos Jt ; 
.*. cos 5 = sin ii . sin a + cos -^4 . cosa (1 — 2 sin J x) 
= cos (A — «) — 2 cos J . cos a . sin* | x, 

, . . £cosil.cosa . T / J/ . y '\ -1 /-^'-L iy i'A 
=s cos (A-fl) T7 ? . sm I . (A'+i -a ) . sm t (a + d - il ). 

cos i4 cos a 

_ /> 1 cos il . cos a 

JLet cos a = i 77 ; ; 

cos A cos a 

.-. cos S = cos(A-a)-4cosft8ini(il'+5'-a).8inX(a'+5'-A') 
=:cos {A — a) + 2 cos 9 . {cos ^ — cos (A' — a')} 

+ co8(d— S')— cos(e + il'-a')-cosQ9 + «' — ^'); 
.*• ver-sin S = ver-sin (^4 — a) + ver-sin (^ +0) + ver-sin (S' — 0) 
— ver-sin (il' — a + 0) — ver-sin {A' — a' — 0), , 

390. The method of finding the longitude by tiie Moon^i dist- 
ance^ is the only one which is of much use at sea^ as it requires 
no other instrument than the sextant^ and the observations are 
such as can be very frequently made. There, ought to be three 
persons to observe at the same time the two altitudes^ and the 
apparent distances ; but where there is only one observer, it will 
be sufficient to observe the one altitude^ then the distance, and 
then the other altitude, and immediately to repeat the operation 
of observing the altitudes, and from these observed altitudes^ 
and the known intervals between the observations, to find^ by 
taking the proportional parts, the altitude which would bave 
bken observed at the instant the distance between the centers 
was measured. 

391 • To find the longitude from An x>bserved 6ccikitdtion tf 
a fixed ^tar by the M&dn. 



251 

When this metho(| is u^cid, the loositiicie is supppsed knowiij 
very nearly. Let be the approximate longitude in time, 
+ t the true longitude, and let T be the reckoned time of the 
occultation at the place of observation ; therefore^ T+ + t 'n 
the corresponding Greenwich time. Let the Moon's true 
latitude and longitude, taken out of the tables for the time 
T+0, be corrected for parallax, and let / and X be the re* 
suiting apparent longitude aqd latitude of the Moon at the 
Greenwich time T+0, and /'and g the horary increments of 
the same quantities; also, let V and X^ be the latitude anfl 
longitude of the star ; then, at the time of contact, 

the difference of longitude = / — /' +y*, 

latitude =X — \'+gt; 

therefore, if jm be the semi-diameter of the Moon^ 

= (/-/')' co8»X+(X-X')*+2 {/.(/-/'). cos' \+g.(X-X')} t. 
neglecting the square of / ; 

'' '" 2. tg.(X-X') +/.(/-/') cos'X} ' 

from whence the correct longitude 6 + 1 is known. 

392. The preceding solution has been- obtained upon the 
supposition that the lunar tables are correct ; but as this is not 
often the case^ the values of X and / will be subject to slight 
errors, let these he dl and d\ ; then, we have 

^' = (^l + dl- I'+ftf . COS* X + (X + rfX - X' +gtf 
= (/-/') co8»X+(X-X')* + 2 {/.(/-/'). cos' /+g(X-X')} * 

+ 2(1- V) cos' X . d/ + 2 (X - X') dX, 
neglecting the squares and products of d/, d\, and t. 
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This equation may be put under the form 

A+Bt + Cdl + Dd\ = 0, 

and if the same occultation be observed at two other places^ 
whose longitudes are known, we shall be furnished with two 
more simple equations of the form 

A' + Cdl + Dd\ = 0, 

and from these three equations the values- of ty dl, and d\, 
may be found. 
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Appendix (I). 

THE PROJECTION OF THE SPHERE. 

1. The Projection of the Sphere is a perspective repre- 
sentation of the circles of the sphere on a plane given in position. 

This Plane^ called the Primitive Plane, generally passes 
through the center of the sphere^ and if lines be drawn from the 
eye to all points of the circle to be represented^ these will^ by 
their intersection with the primitive^ form the projection. 

In the Orthographic Projection, the eye is supposed to be 
infinitely distant, so that the lines of vision are all parallel to each 
other, and perpendicular to the primitive plane. 

2. Any line inclined to a plane : its orthographic projec- 
tion :: 1 : cosine of inclination. 

Let AB (fig. 76.) be any line^ ab its projection on the plane 
DE'j therefore Ad, Ba are perpiendicular to ab. Draw AC 
parallel to ab, then AC = ab, 

and AB : AC :: I : cos B AC , 
or AB : ab :: 1 : cos inclination of AB, 

3. CoR. 1. Hence the projection of a circle is an ellipse^ 
whose axis*major equals the diameter of the circle^ and whose 
axis-minor : axis-major :: cosine inclination : 1. 

Let AB (fig. 77.) be that diameter which is parallel to the 
plane of projection, ECF the diameter perpendicular to AB, 
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PN any ordinate parallel to EC 9 ab^ ec, pn the projections of 
these lines. 

Then PN : pn :: 1 : cos inclination 

:: BC I ec, 

which is the property of an eclipse whose major axis a b equals 
AB, and minor axis (ec) : ab ;: cos inclination : ]. 

4. CoR. 2. The projection of a circle parallel to the plane 
of projection is an equf^l circle, an(i the projection of a circle 
perpendicular to the plane of projection is a straight line=s 
diameter of the circle. 

5. Ill the Stereographic projection, the eye is placed in the 
surftice of a sphere at the extremity of a diaineterj^ drawn per- 
pendicular to the plane of projection which passes through the 
center of fchie sphere. 

Let P (fig. 78.) be the place of the eye at the extremity of 
the diameter Pp, HRO the plane of projection dividing the 
sphere into two equal hemispheres ; then^ it' is evident from the 
mode of pfojectipgy (h^lt any ppiqt in the beiplfpber^ ffpO 
mil be prpj^ictjBci pn the plane of the pirclp H^Qj wA Wy 
point in the hemi)ip|iere ftPO vyiH lii^ jn thj^t planie prodi|ef4 
without the sphere. As the point to be projected lies nearer to 
P, its projection will be farther off, and the projection of points 
infinitely near P, will be infinitely distant. The projection of 
% grieat pircle a9 PHpO passing through P, i? the straight line 
HO, iU intersection ^ith tb^ primitive, produced ii^nitely io 
opposite directions. 

6. The stereographic projection of any circle not passing 
through the po)^ l» a cir/c)e. 

Retaining the prcjcedipg coni^^r^ctipn, let JQP (fig. 78,) be 
9py circle, the pl^ne of yvhicb h^ perpendicular to PpQ, af^fl l^jt 
the cone formed by dr^wiffg lines from P to ^1| points qf 4-Q^i 
cut the primitive ip the curve aqb\ then aqb is the projection 
of AQB and ab of AB. Through my point N in aqb, draw 



^ the plane tqf^ parallel to AGLB\ ahd therefore perpendicular to 
PpO, cutting aqb in the line Nq ; then since the sectiohej^/ is 
parallel to AQB^ the circular base of the cone, eqf is z circle ; 
and since eqf and aqb are perpendicular to the plane PpO, 
therefore Nq their intersection^ is perpendicular to PpO ; and 
therefore to the lines ab and e/'in that plane. 

But since ef is parallel to AB, therefore the angle aef^=^ 
PAB = BPT, (PT being a tangent at P) = a bf, and tlie ver- 
tical angles at N are equal ; therefore the triangle U Ne, b Nf 
are similar; therefore 

aN : eN :: fN : bN; 
.'. aN.bN^eN.fN=qN^; 
theiisfore the ciirve aqb \s z circle. 

7* To find the radius and center of the itereograghie prb- 
jection of a given circle. 

Constructing as in the preceding article, let R be the radius 
of ilQB, r of its projection, PC^a, and jD = distance of the 
center of the projection from C 

Let Ap = 2a, Bpsi2fi. 

Then r = ^»XC6— Ca) = ^. (a tan /3 — a tan a) 

t /sin 3 sin a \ 

= *a. ( s ) 

Vcos p 4:o8 a^ 

1 (^in fi cos tt*^siti a cos ^ 

^jta 3 

cos p • cos a 

^ . gsin QS— q) ^i -R y.v 

cbs p . cos a cos p • cos a 

And D=Ca + i.(C6-Ca) = i.(Cft + Ca) 

=: ^ . (a tan /3 + a tan a) 

_ *^±^ (.,. 

cos p . cos a 
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8. Cor. 1. If the circle to be projected be parallel to the 
plane of the primitive^ /3=s — a; 

.\r =- 5—, D = 0; 

2 cos a 

therefore C is the center of projection. 

9. CoR. 2. If the circle be a great circle 2/3 — 2a = 180; 
.-. ^ = 90®4-a; .-. cos/3= -sin a; 

. . r = — i . : = — -: = — Ic cosec 2a, 

cos a sin a sm 2a 

TV I sin (90+2 a) X) cos 2 a 

Uss — ia.-: = .a-: = — a cot 2a. 

sm a • cos a 2 sm 2a 

But 2a =90^— the inclination of the circle to the plane of the 
primitive ; 

,\ r^ ^ R sect inclination^ 

D= — a tan inclination. 

When r and X) are negative, the center of the stereograpfaic 
projection lies on the other side of C. <» 

10. The angle between any lines on the surface of the 
sphere is the same as that between their stereographic projections. 

Let, as before, (fig. 78.) P be the place of the eye, PMp a 
great circle passing through JP, M any point in this circle, m its 
projection. Let a plane touching the sphere at M cut the 
plane PMp in the line MT, and the primitive plane in the line 
TUV, Then, since this plane touches the sphere^ the tangents 
to all curves, on the surface of the sphere passing through M, 
will lie in it, and MT will be a tangent topilf at M. 

Let MU, MV be tangents to any other curves passing 
through M, Join ml/, MF\ then these are the projections of 
Ml/, MV^ and therefore tangents to the projected curves; 
therefore UMV is the angle contained between two curves on 
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the surface^ and UmV the angle between their (injections, 
^ow since the angle 

TMm = MpP-90--MPp = PmC = TmM; 

.\TM=Tm; 

and since MTV touches the sphere, it is perpendicular to CM, 
and therefore to the plane PMp, passing through CM; but the 
plane of the primitive is perpendicular to this platfe ; therefore 
their intersection TF, is perpendicular to it^ and therefore to 
MT and Tm; 

.-. MV^ = TU^ + TM^ = TU* + Tm^^Vm*; 

.-. JlfZ7= Um. But TM=Tm, and TU is common; 

therefore the angle TMU = TmU; similarly, TMV=z TmV; 
therefore the difiference UMV = UmV. 

11. The direction in which a ship sails, called the rhumb- 
line, makes a constant angle with the meridian. If, therefore, 
the Earth be stereographically projected on the equator, since 
the meridians are projected into right Knes passing through the 
center, the projection of the rhumb-line will cut them all at the 
same angle, and is therefore the equiangular spiral. 

Chtomonic Projection. 

12. In the Gnomonic Projection the eye is placed in the 
center of the sphere, and the projection is made on a plane 
touching the sphere. 

Every small circle in the gnomonic projection is projected 
io a conic section. For every smiall circle is the base of a cond, 
whose vertex is the eye, and the section of this cone by the plane 
of projection will be a circle, ellipse, parabola, or hyperbola. 

liet Gilff (fig. 79*) be the plane of prelection, touching the 
sphere m A, P the denter of the sphere^ BPC a plane parallel 

Kk 
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to GHj DE any small circle^ AD being greater than AJS; then 
if AD be less than QO^, the projection is an ellipse^ axis-major 
GH; if AD = 90^, GH is parallel to the side of the cone PB, 
and the section is a parabola; if jiD be greater than 90^^ D falls 
below jB, and GH meets the side DP of the cone produced back- 
wards; therefore the section is an hyperbola, axis-major GH. 

The axes of these projections are easily deduced^ and if 
AD=^2ay AE = 2fiy AP = a. 

. . sin g (g - (i) 

The axis-maior = a . --^, 

•' cos2o,co8 2p 

sin2(a— )3) 
the axis-mmor = 2a . 



>^/cos2aTco8)3 

13. Not to dwell longer on particular cases, any problem of 
this kind may be solved by the following general method. 

Take the plane of projection for the plane of xy, and let the 
axis of z pass through the pole P ; let 

P(pgrr) = 0, /(pgrr) = 0, 

be the equations of the curve to be projected, p, q, r being co- 
ordinates of any point Q in it. Then the equations of the line 
PQ are 

py = q^ (1), 



p(z-'c) = r — c.x .•.. (2), • 

c being the distance of P from the plane xy. Eliminating 
therefore p, q^ r between these equations^ and the equation of 
the curve^ we have the equation of the conical surface, which is 
the locus of PQy from which^ by making z^O, we get the 
equation of the section made by the plane of xy^ or the equation 
of the projection. 

14. Ex. Let the origin of the co-ordinates be the center 
of a sphere, and the curve to be projected a circular section of 
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the sphere made by a plane perpendicular to the plane of zx. 
Then, the equations of this circle are, if a be the radius of the 
sphere^ 

inp + nr=zmn,.,{3), the equation of the cutting plane, 

p^fq^+r^ = a^ (4), sphere. 

From equations (1), (2), (3), We easily get 



n,m— c . X 

P = ■ 

mx + Z'- c .n 



n.m — c,y 
mx-TZ'—c .n 



cmx + mn , z — c 

r = . 

fnX'-\'Z — c • n 

Substituting these values in (4)^ we have the equation of the 
conic surface 

«*. (w— c)^. (j7*+y^) + {cmx+mn(,z--c)Yss{mx-^n .{z — e)}* a*; 

therefore^ the equation of the projection is 

n'. {m — cf. {x^ + y^) + m^c^.{x — nf ^^mx^-ncf d^ , 

This equation becomes the equation of the Stereographic, or 
Orthographic Projection^ according as c is a^ or infinite. 

15. All perspective representations of the sphere distort 
those parts which are not projected near the center of the primi- 
tive plane. In maps of small portions of the Earth, this is not of 
much consequence^ as the middle of the map may be always 
taken for the center of the projection, but when extensive tracts 
are to be represented, the countries near the edge of the map 
must differ considerably from their. true proportion. Lagrange, 
in the Berlin Memoirs for 1779» has investigated modes of 
drawing charts which coincide most nearly with the countries 
to be represented^ and other methods may be seen in the 
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Encyclopedie Methodiquej Art, Cartes. Here it is only necessary 
to notice Mercator's Projection, according to which sea-charts 
are generally drawn. 

In Mercator's projection ^ the meridians ere represented by 
parallel lines^ and consequently, the degrees of longitude^ in- 
stead of decreasing as on the globe in proportion to the cosines 
of latitude^ are all equal, and the degrees of latitude in the 
projection are increased to preserve the same relation between 
the degrees of latitude and longitude. 

l6. To find the length of an arc of the meridian on Mer- 
cator's projection^ supposing the Earth spherical. 

A degree of the meridian in any latitude / (which is the 
same as a degree of longitude at the equator) : a degree of 
longitude :: 1 : cos /; therefore, a degree of the projection in 
latitude / varies as sec ly since the degrees of longitude are all 
equal. Let ds be an arc of the meridian in latitude /, cor- 
responding to an increment of latitude dl, then, at the equator 
ds = dl; and sect / = 1 ; 



.*. d5 = 



. ds : dl :: sect / : 1 ; 
dl cos I .dl d.sin I 



cos / cos* / 1 — sin' / ' 



1 "^ sin Z 

/. « = § hyp log :; r— , ^ hyp log tan (45 + 1- /), 

1 — sm / 

which is the length of an arc of the meridian between the 
equator and latitude /. 

17* To find the length of an arc of a meridian in Mercator's 
projection, the Earth being supposed spheroidal. 

Retaining the same notation, let 1 be equatoreal radius^ e the 
eccentricity of the elliptic meridian, r the radius of curvature of 
the meridian in latitude /, x the radius of a parallel to the equa- 
tor. 
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Theii^ a degree of the meridian in latitude / : a degree of 
longitude :: r : x ; therefore, the degree of the meridian in the 

T 

projection oc -* > since the degrees of longitude are all equal. 

Let ds be an arc of the projection corresponding Xo dl\ then, 
at the equator^ ds=^dlx radius of curvature of the meridian at 
the equator^ =(1 — e*).d/, and 

r l-e« (l-e'sin*/)i ,, 

— (Art, 23, 24.) 



X (1— e^sin*/)^ cos/ 

1-e' 



cos /.(I — e* sin*/)* 

1— e^ 



« 



• cZ o • 1 """ 6 • €• t •• - . A . A -. • 1 """ c , 



COS / . ( 1 — c sin /) 



.*, d« = 



1 — e*.d/ 1 — e*. cos I .dl 



cos /. (1 — c sin /) cos /.(I— e sin /) 



1 — e* . rf . sin / 



(l-sin*/)(l-c'sin'/) 

£{. sin / e^ , d . sm I 
1 — sin* / 1 — e* sin^ / ' 



-, , 1+sin/ X • 1 1+esin/ 

••. s = ihyplog- — -— -e. 2. hyp Jog- ~ 

I — SHI / 1 — e sm / 

= hyp log tan (45 +j /) — e . {e sin /+^e' sin® / + &c. ) 

= S + e* sin /^ nearly, 

since e is very small, where S is the projection, on the hypothesis 
of the Earth's being spherical. 

18. The defect of Mercator's projection consists in the 
degrees towards the pole being much elongated, but this is 
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compensated for by the rhumb-line^ in the direction of which 
a ship sails being represented in sea-charts by a straight 
line. 



Appendix (II). 

ON DIALLING. ' 

1. If a rectilinear gnomon be placed parallel to the Earth's 
axis^ the angular motion of its shadow on a plane parallel to 
the equator will be uniform. If the gnomon coincided with 
the Earth's axis^ its shadow would revolve uniformly on any 
plane parallel to the equator, because the Sun's diurnal motion 
may be considered uniform during the same day; and since the 
distance between the gnomon and the Earth's axis subtends an 
angle, the greatest value of which does not exceed 8".57, they 
may be considered coincident ; therefore the sliadow^ cast by a 
gnomon placed parallel to the Earth's axis^ will revolve uniformly 
on a plane parallel to the equator^ at the rate or 15^ an hour. 

2. Def. a line drawn from the center of the dial plane in 
the direction of the Earth's axis^ is called the Style* A decli- 
nation circle drawn through the style perpendicular to the dial 
plane intersects it in a line called the Substyle. The Stylets 
height is the angle between the style and substyle. Hour lutes 
are lines drawn from the center of the dial coincident with the 
shadow of the style^ at the interval of each successive hour. 
Hence the twelve o'clock hour line^ which coincides with the 
shadow of the style when the Sun is on the meridian^ is the 
intersection of the plane of the meridian and the diaL Dials 
are. denominated, according to the position of their planes. 
Equatorealj Horizontal^ &c. 

3. To construct an Equatoreal Dial. 
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From the definitions, and Art. 1, it appears that in this dial 
the style is perpendicular to the dial plane, and the hour lined 
are drawn at intervals of 15^. Since the dial is parallel to the 
equator^ its inclination to the horizon = the co-latitude. 

4. To construct a horizontal Dial, 

Let NHLS (fig. 80.) be the plane of the dial, OP the style, 
NO the 12 o'clock hour line, which, since the meridian passes 
through PO perpendicular to the horizon, is also the substyle ; 
therefore PON^ the style's height, = the altitude of the pole, or 
latitude of the place. At n hours after noon, let 0/7, to the 
east of ON, be the hour line ; then, drawing the declination 
circle POH through OH, NPH = n . 15^ 

therefore sin lat. = tan NH . cot n 15^, 

or tan NOH = sin lat. tan n 15^, 

which determines the hour line NH; therefore giving n the 
values 1, £, 3, &c. the hour lines corresponding to one, two, and 
three o'clock may be drawn, and drawing similarly situated lines 
on the west side of ON, these are the hour lines corresponding 
to 1 1 o'clock, 10 o'clock, &c. 

If OL be the last, hour line on any day, 0L=. the Sun's 
south azimuth at setting, and, (Art. 131.) 

-.^ sin Sun's dec. 

cos UL = ; ; 

cos lat. 

therefore the least value of OL^ or the last hour line on the 
dial is found by the equation 



cos 



0L = 



sin 23® 28" 



cos lat. 
5. To construct a vertical south dial. 

Let ZHN (fig. 81.) be the dial plane coinciding with the 
prime vertical. Op the style directed towards the south pole, ^ 
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ZpN the meridian; therefore ON is the 12 o'clock hour line, 
and also,^ (since the meridian is perpendicular to the prime ver- 
tical) the substyle ; and NOp = ZOP => the co-latitude. Let 
OH be the hour line n hours from noon; then, as before^ 

sin Np = tan NH . cot NpH; 

therefore tan NH = cos lat. tan n 15^, 

from which^ by giving n the different values 1, 2| 3^ &c. the 
different hour lines may be drawn, observing that the hour lines 
before noon are to the west of ON^ and the others to the east. 

If OL be the last hour line on any day^^ the Sun is then in 
the plane of the dial, and pH = the Sun's south polar distance 
= 90^+5; but 

sin pH = cos Np . cos NL; 
therefore sin S = sin lat. cos NL, 

which equation determines NL, The greatest value of NX 
corresponds to S = 0, in which case NL = 90^^ and it is useless 
to graduate the dial beyond this. 

6. To contiruct a vertical declining dial inclined at a given 
angle to the meridian • 

Let ZSN (fig* 81.) be the dial's plane passing through the ver- 
tical ZNy and inclined at a given angle p NH (e) to the meridian 
PZp; therefore ON is the 12 o'clock hour line. Let Op be 
the atyle^ OS the substyle, which falls amongst the morning or 
evening hour lines, according as the dial inclines east or west. 
Then, since Np = the co-latitude^ we have, in the right-angled 
triangle p5N, 

sin pS = cos lat. sin e, which gives pS, the style's height. 

cos e s= tan lat. tan SNj SN, the place of the substyle, 

sin lat, =5 cot e . cot Njp5, NpS ((p). 
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Let now OH be the hour line n hours from 12 o'clock ; 

'^ or + according as the substyle and hour line are on the 
same or diflFerent sides of ON. Then in the righlt^apgled tri- 
angle SfH^ we have 

tan SH= sinpi$ . tan (0::jrn 15^), 

which determines SH^ and giving n the values ]> 2, 3^ &c. all 
the hour lines may be determined. 

If OJu be the last hour line on any day, the Sun is then in 
the plane of the dial, and we have given p L = 90° + Sun's 
declination^ pN = the co-latitude, and pNS = the Sun's 
azimuth^ to find SL. 

7. To construct an East or West dtaL 

Let FOp (fig. 82.) be the dial which coincides with the plane 
of the meridian, O its center, Pp in the plane of the dial 
parallel to the Earth's axis^ ASB the style which is parallel to 
Opy and formed by the edge of a rectangular laminay AD, 
passing through Pp^ perpendicular to the dial plane ; theb/ since 
the plane AD is perpendicular to the meridian^ CD is th6 sii 
o'clock hour line; and since AB is parallel to the plane of 
the dial, all the other hour lines are parallel to AB or. Pp. 
Let aHb be the hour line n hours from six o'clock, OSH 
a plau^ perpendicular to Pp or AB, intersecting the dial plane 
in the line OH; then, since the Sun revolves uniformly round 
AB, 0Sff=n.l5^ and SOH is a right angle; 

.-. QH=0S.tan»15^ 

vvhich determines the hour line ab, atid giving n different valuesr, 
all the hour lines may be drawn. 

As the Sun only shines on t^e dial during half the day, if the 
dial fronts the east, it points out the time from sun-rise, to- 
noon, or if the dial fronts the west, horn, noon* to night. 

Ll 
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8. To construct a general dial^ inclined at any given angles 
to the meridian and horizon. 

Let SON (fig. 83.) be the plane of the dial inclined at an 
anglie HNR (N) to the meridian PZH, and at an angle RA Ny 
(A) to the horizon; therefore^ ON is the 12 o'clock hour line. 
Let OP be the style passing through the pole P, OS the sub- 
style; therefore, PSN=90^. But ^RJV=90^; therefore, by 
Napier's rules, 

cos u^ = sin N, cos BJV, 

whence jRJV, and, therefore, PN = the latitude + RN are 
known. And from the right-angled triangle P«SN, 

003 PNsscot SPN. cot N, which gives SPN (0), 

cos N = tan SN . cot PN OS, the substyle, 

sin SP = sin N . sin PN. SP, the style's height (A). 

At n hours after 12, let OH be the hour line ; therefore, 

SPjtf=0-7i.l5^ 
.". sin A = cot {dp'-n 15°) . tan SH, 

from which equation, by giving n the values 1, 2, 3, all the 
hour lines may be drawn. 

9* llie time pointed out by a dial is apparent time, but, in 
cotisequence of the atmospheric refraction, which elevates the 
Sun in a vertical circle, the shadow only points out this 
time exactly at noon, the dial being fast all the morning, and 
slow in the evening. 

The gnomon is generally formed by a triangular lamina of 
metal, the sides of which are, the style, substyle, and a per- 
pendicular let fall from one on the other. If the thickness of 
this lamina is considerable, the shadow of the western edge 
^points out the morning hours, and the eastern the evening, and 
the :bour lines must be drawn for each separately, so as to form 
two half dial» with different centers* 
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A solar dial may be made use of for determining the time by 
means of the Moon's shadow, if we know the time when the 
Moon is on the meridian. For the time pointed out by the 
shadow is the apparent time from die Moon's being on the 
meridian, nearly ; therefore, adding the time on the dial to the 
time of the Moon's transit, the solar time is determined. The 
method is not accurate, as the Moon moves through a Kttie 
more than 15^ in a solar hour. 

10. To find the curve traced out by the extremity of the 
shadow of a vertical gnomon on a horizontal plane. 

Let AB (fig. 84.) be the gnomon^ AP the shadow, AN the 
direction of the meridian shadow. Draw FN perpendicular 
to ANy and let ANs^x, PN^y, AB=ia, / = the latitude of 
the place, 5 = the Sun's declination. Then 

sin Sun's altitude = 



COS oun s altitude = :rrrr ^ — * « 

BP ^««+y+o« 

COS huD 8 azimuth = 



But sin S as cos / . cos altitude . cos azimuth + sin / • sin altitude ; 

. f, , X sin /.a 

.*. sin o = cos / . — . ■ " ^ ' ss=g + 



V^'+/+a' -s/x'+y'+a*' 



5 2 2 (^^8 l»x -h sin / . aY 
•^ sm* S 



^.2 



(cos*/— sin*5).a?'+2a 8inZcos?^+(Mn*/— sin*^.a* 

y = r-2-5 . 

•^ sin 

Cor. If cos / = 8in S, or / = 90^ — S the curve is a parabola^ 

cos Z> sin S, or Z< 90® — 5 a hyperbola^ 

cos/<8in£, or / >90^ — S. ..9 an ellipse. 
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INTERPOLATIONS. 

1. It is often requisite in Astronomy^ to determine the 
general relation between two quantities, from a number of cor- 
responding values ; as from a number of zenith distances taken 
at given intervals^ to determine the zenith distance for any 
intermediate time. This problem^ which is the same as that 
of finding the equation to a curve passing through a number' of 
given points^ is plainly indet^rmiqate, but if the corresponding 
values are numerous and near %o each other, the general rela- 
tion^ within the Iimit3 of the given quantities^ ^lay be found to 
a great degree of accuracy. 

2. Let a, b, c, &c. be values of y, corresponding to a^ ft, 
yy values of x^ and let 

where A, JB, C, are functions of x to be determined. The 
second member of this equation ought to reduce itself to a, 
when oi;^a, which will be the case if all the coefficients but 
A vanish, when a: = a, and A become unity ; but^ in order that 
jB, C, &c. may vanish when x^a, they must contain the factor 

X'^a, and as the same reasoning applies to B and C, all but 

B must contain j? — /3, and all but C, ar •— ^y • • 



Let, therefore, A = A\ a? — /3 . f — 7. .. which ought to equal 
}, when x^a-j 

,\ A'.(a— i3).(a — 7).,. = 1; .'. 4- 



(a-/3),(a-7)... ' 



"" (o - ^) . (a — 7). . . ' 



{x-(i).(x-y)... (x^a).(x-y)... |, , ^, 

•••^"■(a-.i8).(a-7)..:^"'"(/3-a).(/3-7)... "^^^^ 
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3. When the values of x ar€ taken at equal intervals, as 
generally happens in .Astronomy^ a more simple formula will 
suffice. 

Let a, b, c, &c. be values of y corresponding to the values 
of x^ 0, 1, 2, 3, &c. 



Let y = a+ Bx + Cx . ^ +D.x. — + &c. 

(Bf C, &c. being constants) ; 

» 

b = a + B; /. B-b- a, 

c'=a+Q,B+C; .\ C=:c - 2b + a, 
d = a + 3B + SC + D; .'. jD = rf — 3c + 36-fl, 
&c. = &c. 

Here it is obvious that jB, C, &c. are the successive dififer- 
ences of a, b, c, &c. ; therefore, calling these dififerences d\ d!\ 
&c. 



y = a+a.a7 + a .x- Yd .x. . h&c. 



In general, the quantities d , d , &c. diminish very fast, and 
it will not often be necessary to proceed farther than d'^\ 



4. The following example will shew some of the different 
uses that may be made of the formulae of interpolation, 

Ex. Given the Sun's declinations at 1£ o'clock on the IQth^ 
20th, 21st^ 22d of June, 

= 23^ 26' 39", 23® 27' 23", 23° 27' 42", 23° 27' 37'', 

respectively ; to find the declination on the 20th, at 6 o'clock. 
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a ssas" 26' 39"; 23" 2?' 23"; 23" 27' 42'; 23" 27' 37", 



d' = 








44" 




19" 




-5", 


d" = 










-25" 




- 24", 




r = 












1", 






and X = 


li 


= 


5 

4 


* 











therefore, the required declination 



= 23° 26' 39"+ -•44"- -. l.t^.. 5. i.2.il + &c, 

4 4 2 4 4 4 2.3 



-^ooo^'on'- ^ " 5 1 25" 5 13 1 



= 23^ 26' 46". 
The declination (y) at any time x 

= 23« 26' 39" + x . 44"- X . ^^ . 25". 

Since the declination increases and then diminishes^ it admits 
at some intermediate time of a maximum^ the time being 
determined by the equation 

44" .25" = 0;. 



113 226 . A rsy, , fi 

/. ^= — = — = 2.26* = 2* 6^* 14 24", 
50 100 * 



and substituting for jt, — -^ , 

y = 2S^ 2/ 42^8. 

Therefore the Sun's greatest declination (or the obliquity) falls 
on June 21, 

at 6** 14' 24", and = 23^ 27' 42": 
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5. In astronomical investigations, it is sometimes required to 
determine the values of several unknown quantities from simple 
equations^ which are more in number than the quantities to be 
determined. The coefficients of these equations are generally 
determined by observation, and if the observations are cor- 
rect, the values of the unknown quantities deduced from some 
of the equations ought, when substituted, to satisfy the re- 
mainder ; but as this is never the case, the unknown quantities 
ought to be so determined, as to be least subject to error. If 
the equations be combined, so that the factor of one of the un- 
known quantities, a^ x, is the greatest possible, and the coeffi- 
cients of the others, y, z, &c. the least possible, x will be 
determined most accurately, since My errors in the values of 
y, z, &c. will have less influence on the value of x^ being multi- 
plied by the least factors, and divided by the greatest coefficient 
of X. In the same manner equations may be formed, to give the 
values of ^, 2:, &c. most accurately, and from all these equations, 
which will be the same in number as the unknown quantities, 
X, y, Zj ^c. may be found. The equations for determining 
X, y, &c. may be formed by changing the signs, so that all the 
coefficients of x may be the same, and then adding, and pro- 
ceeding in the same way by ^, 2:, &c. 

Ex. Let the equations be 

3— x+ y-2;r = 0, 

£1 — 4r— y — 42: = 0, 
14+ x-35^-3z = 0, 

changing the sign of the last equation, and adding 

15— gjc+ y+ 22; = 0, 
similarly for y , 37 — 5 jr — 7y = 0, 

for z, 33-- jc- yss 142 = 0. 
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From these equations^ x = 2.4865 

y = 3.5l7, 
z;= 1.928, 

¥^hich three values substituted in the original equations give, 
instead of 0, the results 

0.175, 0.148, -0.173, 0.151. 

Second method. 

Let m +flx -rby +cz +&c. = 0, 

m' -^-ax+b^y +cz +&c.=0, 

w" + a"jr-6'y + c"z + &c.=0, 
&c =0, 

be the equations, multiply the first by a, the second by a^ and 
so on ; then, by addition, 

Similarly^ 

(wc+wV+&cO+(ac+aV+&c.)TH-(ftc+iV+&c.)j(+(c2+c'-+&c.)^+& 
&c. + &c 

By this means as many equations are formed as there are 
unknown quantities, and from them x, y, z^ 8cc. may be deter- 
mined. 

The method applied to the example in the preceding article,, 
gives the reduced equations 

- 88 + 27X+ 6y = 

— 70+ 6x+15;r = 
-107+ y +54z=0. 
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From whence x ^ d.470; y = 3,551 ; z = I.916. 

The above mode of reducing the linear equations, which is 
called the Method of Least Squares, was invented by Gauss^ and 
is proved by him in his Theoria tnotus Corporum Calestium, to 
give the most probable values of the unknown quantities. The 
proof is not sufficiently elementary to be given here. See also 
Laplace, Theorie des Probabilites, Chap* IV. 
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ERRATA. 

Page 29» 1. M, fw Qidtinci ft*iA Ophiaci. 

31, 1. 19, wmU be. 

32, 1. 17, /of of read from. 

44, I. 2, /or 008 c read cos 26. 

65, I. 2, /or cos a read sin a. 

— 1. 17, far cos 2 r^ad sin I. 

63, 1. 6, for V 0".l read V 0".81. 

^ L 19, /or 150 read S600. 

72, L 14, 15, transpose Z,Z*, and also <9, S', 
100, 1. 20, for Z read Z^ 

113, I. 6, /or sin. ZP . sin PiSf read cos ZP . sin. PS. 
120, 1. 20, /or 9".05 read 9^.66. 
137, L13, 14, /or 10^.25, read 20".26. 
225, L 2, /or ^ read X. 

261, 1. 14, far i read i . 
s S 

263,. 1. 22, 21, 25, fwr OL read NL, 
264, 1. 13, for einpH read cos pL, 
266, 1. 13, /or ON read OS. 
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